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HEAVY QUARK EXPANSION I - LIFETIMES

➤ Free quark decay 

➤ Effective Hamiltonian 

Free quark decay is an expansion in                           instead of  

sums up large logarithms to all orders! 

Wilson coefficients are known up to NNLO-QCD! 

Use        to calculate total decay rates

↵s(mb) ln
m2

b

M2
W

> 1 ↵s(mb) ⇡ 0.2

(e.g. Buras, Les Houches)

e.g. Gorbahn, Haisch 2004



HEAVY QUARK EXPANSION II - LIFETIMES

Assume:  

Remarks:

➤ mb is large compared to hadronic scale 
➤ decay rate is a Taylor series in 1/mb

➤ leading term (=free quark decay) is universal 
➤ different B mesons differ from the 3rd term on 
➤ lifetime predictions need: non-perturbative matrix  elements   

and perturbative Wilson coefficients



MIXING OBSERVABLES

20th IFT Xmas Workshop, Madrid A. Lenz, December 11th 2014 - p. 20

The SM rules: B-mixing
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|M12|, |Γ12| and φ = arg(−M12/Γ12) can be related to three observables:

■ Mass difference: ∆M := MH −ML ≈ 2|M12| (off-shell)
|M12| : heavy internal particles: t, SUSY, ...

■ Decay rate difference: ∆Γ := ΓL − ΓH ≈ 2|Γ12| cosφ (on-shell)
|Γ12| : light internal particles: u, c, ... (almost) no NP!!!

■ Flavor specific/semi-leptonic CP asymmetries: e.g. Bq → Xlν (semi-leptonic)

asl ≡ afs =
Γ(Bq(t)→ f)− Γ(Bq(t)→ f)

Γ(Bq(t)→ f) + Γ(Bq(t)→ f)
=

∣∣∣∣
Γ12

M12

∣∣∣∣ sinφ



Total decay rate can be expanded in inverse powers of mb 

Each term in the series can be further expanded in the strong coupling 

Each term is a product of a perturbative function and the matrix 
element of  Delta B = 0 operators (lattice , sum rules) 

Mixing obeys a similar HQE 

Now Delta B = 2 operators appear (lattice , sum rules)

HEAVY QUARK EXPANSION III 
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 STATUS BEFORE 2017

E 

Ideal for NP searches - experimental precision > theory precision! 
On the ultimate precision of meson mixing observables  

Thomas Jubb, Matthew Kirk, Alexander Lenz, Gilberto Tetlalmatzi-Xolocotzi  
Published in Nucl.Phys. B915 (2017) 431-453 

*Large uncertainties due to old non-perturbative input 

*Perfect cancellation in Bs lifetime - test of NP models

was suggested in order to explain experiment, see also [20] and [21]. The dominant
contribution to the ⇤b lifetime is given by the b ! cūd and b ! cc̄s transitions. To
a large extent the ⇤b-lifetime problem has now been solved experimentally, see the
detailed discussion in [12], mostly by new measurements from LHCb [22–24]. However,
there is still a large theory uncertainty remaining due to unknown non-perturbative
matrix elements that could be calculated with current lattice-QCD techniques.

• For quite some time the values of the inclusive semi-leptonic branching ratio of B-
mesons as well as the average number of charm quarks per b-decay (missing charm
puzzle) disagreed between experiment and theory, see e.g. [25–28]. Modifications of the
decay b ! cc̄s were considered as a potential candidate for solving this problem. This
issue has been improved considerably by new data and and new calculations [29]. Again,
there still a considerable uncertainty remains due to unknown NNLO-QCD corrections.
First estimates suggest that such corrections could be large [30].

• Because of a cancellation of weak annihilation contributions it is theoretically expected
(based on the HQE) that the B0

s -lifetime is more or less equal to the B0
d-lifetime, see

e.g. [12]. For quite some time experiment found deviations of ⌧(B0
s )/⌧(B

0
d) from one -

we have plotted the experimental averages from HFAG [31] from 2003 onwards in Fig.
1. Currently there is still a small di↵erence between data and the HQE prediction,
which will be discussed further Section 2.3. Here again a modification of the b ! cūd
and/or the b ! cc̄s transitions might solve the problem.
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Figure 1: Historical values of the lifetime ratio ⌧(B0
s )/⌧(B

0
d) as reported by HFAG [31] since

2003. The solid line shows the central value and the shaded line indicates the 1� region,
the dotted line corresponds to the theory prediction, which is essentially one, with a tiny
uncertainty.

• The large observed value of the dimuon asymmetry [32–35] could not only have hinted
towards new physics but also to large values of �s

12, which is dominated by b ! cc̄s.

3

see e.g. 
Jäger et al 
1701.091883



THEORY UNCERTAINTIES IN MIXING

3 dominant uncertainties:         

   

CP violation in the Bs system  
Marina Artuso, Guennadi Borissov, Alexander Lenz  
Rev.Mod.Phys. 88 (2016) no.4,045002

Dim 6 is done on the lattice                                                               
newest results (Fermilab MILC 1602:03560) 
indicate a small tension with experiment

Dim 7 has never been done                                                               

NNLO QCD has not been done
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First steps: Asatrian et al 1709.02160  
Sum rules: this talk, Kirk, Lenz, Rauh 1711.02100  
HPQCD in progress, see LATTICE 2016, 2017 
Sum rules: Kirk, Lenz, Rauh in progress

This talk



NEW RESULTS FOR NON-PERTURBATIVE PARAMETERS

Master integrals

1 dim-6 Delta B =2 operatorall dim-6 Delta B = 0,2 operators



HQET SUM RULES

•Do all dim 6 and dim 7 operators for mixing AND lifetimes       

•3 loop diagrams with FIRE reduced (2 external momenta) 

•Master integrals known: Grozin, Lee; hep-ph/0812.4522    

•HQET running to scale m_b 

•HQET-QCD matching at scale m_b   

B0 B̄0

Q Q

Sum rule

Quark-hadron duality

Analyticity

Hadronic matrix element Correlation function

Characteristic scale: ΛQCD

αs

(

ΛQCD

)

∼ O(1)

Characteristic scale: ’virtuality’ ω

αs (ω) ≪ 1

⇒ non-perturbative ⇒ perturbatively calculable

Choose ω s.t.

1 mixing operator Q done by                  
Grozin, Klein, Mannel, Pivovarov                                 
hep-ph/1606.06054 

all Delta B=0 and 2 dim 6 operators by     
Kirk, Lenz, Rauh; 1711.02100



NEW RESULTS 1: B-MIXING

•Very good agreement with lattice 

•Comparable uncertainities as lattice 

•Independent confirmation of FNAL/MILC vs ETM desirable

Kirk, Lenz, Rauh 1711.02100



NEW RESULTS 2: B LIFETIMES

•Only modern determination - else: 2001 

•Independent confirmation from lattice urgently needed!!!

Kirk, Lenz, Rauh 1711.02100



NEW RESULTS 3: D MIXING

•Very good agreement with lattice 

•Larger uncertainties than lattice 

•First ever determination of D lifetimes!!!

Kirk, Lenz, Rauh 1711.02100



FINAL RESULTS: LIFETIMES

(0.079± 0.020) ps�1

HQE works for D lifetimes! (roughly 30% precision) 

B+ and Bs lifetime ratios agree perfectly with experiment 

Confirmation from lattice urgently needed

Kirk, Lenz, Rauh 

 1711.02100

⌧(D+)

⌧(D0)
= 2.7 = 1 + 16⇡2 (0.25)3 (1� 0.34)

<latexit sha1_base64="hkSKZGOk35zbyxARuWobiCUS+WU="></latexit><latexit sha1_base64="hkSKZGOk35zbyxARuWobiCUS+WU="></latexit><latexit sha1_base64="hkSKZGOk35zbyxARuWobiCUS+WU="></latexit><latexit sha1_base64="hkSKZGOk35zbyxARuWobiCUS+WU="></latexit>



CONSEQUENCES FOR BSM MODELS



ANOMALIES

➤ Message 3: First deviations start to show up and they stay

• 3-6: Semi-leptonic loop-level decays (small BSM) 

• 3.9: Semi-leptonic tree-level decays (large BSM) 

• 3.6: B-mixing phase (dimuon asymmetry) 

• 3.5: Muon g-2 

• 2.8: K-mixing/ epsilon’ (huge lattice progress) 

• 2.6: Zbb coupling (LEP FB asym) 

• 2.x: K-pi puzzle 

• 2.x: tau to mu nu nu/tau to e nu nu 

• 2.x: Vus: K vs. tau 

• 2.0: B-mixing modulus (mass difference)

4    in neutron lifetime? Proton radius seems to be solved by Hänsch et al�

�



SEMI-LEPTONIC LOOP LEVEL
  

 relatively simple hadronic structure  

                   :  decay constant 

                     : form factor 

                       Can be determined with lattice, sum rules,…                                                                               

Observables: 

 Branching ratios 

Angular observables, e.g.         hadronic uncertainties cancel partially 

Ratios                                       hadronic uncertainties cancel completelyRK =
Br(B+ ! K+µ�µ+)

Br(B+ ! K+e�e+)

b ! sµµ

Bd,s ! µµ

Hb ! Hqµµ

P 0
5

Br(Bs ! �µµ), Br(B ! K⇤µµ),



SEMI-LEPTONIC LOOP LEVEL

RK =
Br(B+ ! K+µ�µ+)

Br(B+ ! K+e�e+)

b ! sµµ

Bd,s ! µµ

Hb ! Hqµµ

P 0
5

Br(Bs ! �µµ), Br(B ! K⇤µµ),

a) 

b) 

c) 



Consistent picture of numerous (175) observables  

 all can be fitted in very simple scenario  (BSM = -1/4 SM) 

e.g. just modify the Wilson coefficient C9! 

3       1704.05447  
      Ciuchini, Coutinho, Fedele, Franco, Paul, Silvestrini, Valli 

      On Flavourful Easter eggs for NP hunger and LFU violation  

5.7    1704.05340  

      Capdevilla, Cvrivellin, Descotes-Genon, Matias, Virto 

         Patterns of NP in b to all transitions in the light of recent data                                                                 

Q9V =
↵e

4⇡
(s̄L�µbL)

�
l̄�µl

�

Q10A =
↵e

4⇡
(s̄L�µbL)

�
l̄�µ�5l

�

�

�

SEMI-LEPTONIC LOOP LEVEL



RD(⇤) =
Br(B̄ ! D(⇤)⌧�⌫̄⌧ )

Br(B̄ ! D(⇤)l�⌫̄l)

R(D)
0.2 0.3 0.4 0.5 0.6

R
(D

*)
0.2

0.25

0.3

0.35

0.4

0.45

0.5
BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, PRD94,072007(2016)
Belle, arXiv:1612.00529
Average

SM Predictions

 = 1.0 contours2χΔ

R(D)=0.300(8) HPQCD (2015)
R(D)=0.299(11) FNAL/MILC (2015)
R(D*)=0.252(3) S. Fajfer et al. (2012)

HFAG

Moriond 2017

) = 67.4%2χP(

HFAG
Moriond EW 2017

Beware: any new                contributionb ! c⌧ ⌫̄⌧

will also modify other observables like the lifetime of the Bc meson!

e.g. Li, Yang, Zhang; Alonso, Grinstein, Camalich; Celis, Jung, Li, Pich

SEMI-LEPTONIC TREE LEVEL (THIS IS LARGE!)



List of models:
Z’ - new U(1) or SU(2) W’
Leptoquarks
2HDM
SUSY
Vectorlike quarks
Composite Models
WED
….
….

 agony of choice
   or     

choice of agony?

hundreds of papers…

BSM PHYSICS IS ON THE HORIZON?



A popular BSM model for solving the 
anomalies related to loop-level (semi) 
leptonic decays are Z’ models: 

                                                                               

Such a new tree-level transition will also 
affect many other observables,  

most notably B-mixing at tree-level,  

but also many loop processes. 

Make sure all relevant bounds are included, 
e.g. electro-weak precision bounds   

BSM PHYSICS IS ON THE HORIZON?



Text-book: Bs mixing agrees with the SM

• BSM contributions have to be within the large theory uncertainties

• they can be both positive and negative

• relatively stringent bound on BSM models that explain the b-> s mu mu anomalies



NEW: Bs mixing “disagrees” with the SM

BSM contributions should be negative

very stringent bound on many BSM models that explain the b-> s mu mu anomalies

using most recent input, in particular most recent lattice values for fBs^2 B 
from FLAG (dominated by Fermilab/MILC)



RANGE OF MIXING PREDICTIONS

Bag parameter: SR 

Decay constant: lattice

Bag parameter: SR 

Decay constant: SR



Assume 
FLAG



BSM PHYSICS IS ON THE HORIZON?

  Look for the remaining parameter space in Z’ models 

* Look for Z’ models with complex couplings 

  Look for BSM models with negative contributions to  

* Look for BSM models that explain more problems 

* Look for LHC signatures of these BSM models 

*Look for non-standard BSM models 

…..



BSM PHYSICS IS ON THE HORIZON?
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�

Q 23

flavio v0.27

Flavour fit with MZ0 = 5 TeV

b ! s decays
�Ms

Amix
CP

First idea to avoid positive contributions to M_12:           
Look  for CP violation couplings of a Z’                             
strong constraints from the phase for Bs mixing  

Bs ! J/ �
<latexit sha1_base64="Q1Z4r3eBE1AW2hvCECrpR/mtIhQ=">AAAB/XicbVBNS8NAEJ3Ur1q/ouLJy2IRPNVEBPVW6kU8VTC20ISw2W7bpZtN2N0IJRT8K148qHj1f3jz37htc9DWB7s83pthZl6Ucqa043xbpaXlldW18nplY3Nre8fe3XtQSSYJ9UjCE9mOsKKcCepppjltp5LiOOK0FQ2vJ37rkUrFEnGvRykNYtwXrMcI1kYK7YNGqJCvE3SLTpGfKma+AQvtqlNzpkCLxC1IFQo0Q/vL7yYki6nQhGOlOq6T6iDHUjPC6bjiZ4qmmAxxn3YMFTimKsin64/RsVG6qJdI84RGU/V3R45jpUZxZCpjrAdq3puI/3mdTPcug5yJNNNUkNmgXsaROXeSBeoySYnmI0MwkczsisgAS0y0SaxiQnDnT14k3lntqubenVfrjSKNMhzCEZyACxdQhxtoggcEcniGV3iznqwX6936mJWWrKJnH/7A+vwBWReUAg==</latexit><latexit sha1_base64="Q1Z4r3eBE1AW2hvCECrpR/mtIhQ=">AAAB/XicbVBNS8NAEJ3Ur1q/ouLJy2IRPNVEBPVW6kU8VTC20ISw2W7bpZtN2N0IJRT8K148qHj1f3jz37htc9DWB7s83pthZl6Ucqa043xbpaXlldW18nplY3Nre8fe3XtQSSYJ9UjCE9mOsKKcCepppjltp5LiOOK0FQ2vJ37rkUrFEnGvRykNYtwXrMcI1kYK7YNGqJCvE3SLTpGfKma+AQvtqlNzpkCLxC1IFQo0Q/vL7yYki6nQhGOlOq6T6iDHUjPC6bjiZ4qmmAxxn3YMFTimKsin64/RsVG6qJdI84RGU/V3R45jpUZxZCpjrAdq3puI/3mdTPcug5yJNNNUkNmgXsaROXeSBeoySYnmI0MwkczsisgAS0y0SaxiQnDnT14k3lntqubenVfrjSKNMhzCEZyACxdQhxtoggcEcniGV3iznqwX6936mJWWrKJnH/7A+vwBWReUAg==</latexit><latexit sha1_base64="Q1Z4r3eBE1AW2hvCECrpR/mtIhQ=">AAAB/XicbVBNS8NAEJ3Ur1q/ouLJy2IRPNVEBPVW6kU8VTC20ISw2W7bpZtN2N0IJRT8K148qHj1f3jz37htc9DWB7s83pthZl6Ucqa043xbpaXlldW18nplY3Nre8fe3XtQSSYJ9UjCE9mOsKKcCepppjltp5LiOOK0FQ2vJ37rkUrFEnGvRykNYtwXrMcI1kYK7YNGqJCvE3SLTpGfKma+AQvtqlNzpkCLxC1IFQo0Q/vL7yYki6nQhGOlOq6T6iDHUjPC6bjiZ4qmmAxxn3YMFTimKsin64/RsVG6qJdI84RGU/V3R45jpUZxZCpjrAdq3puI/3mdTPcug5yJNNNUkNmgXsaROXeSBeoySYnmI0MwkczsisgAS0y0SaxiQnDnT14k3lntqubenVfrjSKNMhzCEZyACxdQhxtoggcEcniGV3iznqwX6936mJWWrKJnH/7A+vwBWReUAg==</latexit><latexit sha1_base64="Q1Z4r3eBE1AW2hvCECrpR/mtIhQ=">AAAB/XicbVBNS8NAEJ3Ur1q/ouLJy2IRPNVEBPVW6kU8VTC20ISw2W7bpZtN2N0IJRT8K148qHj1f3jz37htc9DWB7s83pthZl6Ucqa043xbpaXlldW18nplY3Nre8fe3XtQSSYJ9UjCE9mOsKKcCepppjltp5LiOOK0FQ2vJ37rkUrFEnGvRykNYtwXrMcI1kYK7YNGqJCvE3SLTpGfKma+AQvtqlNzpkCLxC1IFQo0Q/vL7yYki6nQhGOlOq6T6iDHUjPC6bjiZ4qmmAxxn3YMFTimKsin64/RsVG6qJdI84RGU/V3R45jpUZxZCpjrAdq3puI/3mdTPcug5yJNNNUkNmgXsaROXeSBeoySYnmI0MwkczsisgAS0y0SaxiQnDnT14k3lntqubenVfrjSKNMhzCEZyACxdQhxtoggcEcniGV3iznqwX6936mJWWrKJnH/7A+vwBWReUAg==</latexit>

Measurement of the CP violating phase,  
Phi_s, in Run 2 using B°s→J/PsiK+K−  
Konstantin Gizdov, University of Edinburgh

* Look for Z’ models with complex couplings



TAKE HOME MESSAGES

➤ Shape of HQE is getting better and better                                                                        
Lifetimes and mixing confirm HQE - no sign of duality violation 

➤ Even a convergence in the D system seems to be plausible                       
If confirmed, then next goal: understand D-mixing                              
Remember: 20% of duality violation are sufficient                                           
to explain discrepancy in HQE approach 

➤ Latest lattice results point towards a slight                                    
discrepancy in Bs mixing -> severe BSM constraint 

➤ Lifetime of Bs should be known even more precisely from experiment 

➤ Need lattice/SR results for dim 6, 7 operators for Delta B,C = 0,2 

➤ NNLO calculations will soon be necessary 

➤ Do baryon lifetimes

Status Quo:

Next steps:

On the ultimate precision of mixing observables  
Jubb, Kirk, Lenz, Tetlalmatzi-Xolocotzi  
Nucl.Phys. B915 (2017) 431-453  
Theory Overview 
Alexander Lenz 
1610.07943



END



SINCE YEARS OF BEGGING DID NOT HELP - IT’S TIME TO PROVOKE
Lifetimes are too heavy for lattice physicists!

Matrix elements for lifetimes of HEAVY mesons

The strongest lattice 
 researcher alive

Arbitrary sum rule researcher



NEWS: THEORY UNCERTAINTIES IN MIXING

3 dominant uncertainties:         

   

CP violation in the Bs system  
Marina Artuso, Guennadi Borissov, Alexander Lenz  
Rev.Mod.Phys. 88 (2016) no.4,045002

Dim 6 is done on the lattice                                                               
FNAL/MILC indicates a small tension     
Kirk, Lenz, Rauh 1711.02100; HPQCD in progress

Dim 7 has never been done - in progress                                                                
-HPQCD (Wingate) works on lattice                                  
-Rauh, Kirk, Lenz with QCD sum rules

Towards next-to-next-to-leading-log accuracy  
for the width difference in the Bs system:  
Asatrian, Hovhannisyan, Nierste, Yeghiazaryan  
1709.02160 



TEST OF UNDERLYING THEORY ASSUMPTIONS: DUALITY

1970 Blom, Gilman for  e-p scattering 
1979 Poggio, Quinn, Weinberg for e+e- to hadrons  
               Basic idea: Sum overall hadrons = quark level 
Our definition: duality violation is deviation from  HQE  

Actual expansion parameter is momentum release 
Taylor expansion of exp[-1/x] in x does give zero 

Best candidate: 

� = �0 +
⇤2

m2
b

�2 +
⇤3

m3
b

�3 +
⇤4

m4
b

�4 + . . .

expansion of the decay rates of b-hadrons in inverse powers of the heavy quark mass.

� = �0 +
⇤

mb
�1 +

⇤2

m2
b

�2 +
⇤3

m3
b

�3 +
⇤4

m4
b

�4 + ... , (2.1)

with ⇤ being of the order of the hadronic scale. One finds that there are no corrections of order
1/mb and that some corrections from the order 1/m3

b onwards are enhanced by an additional
phase space factor of 16⇡2. The HQE assumes quark hadron duality, i.e. that the hadron
decays can be described at the quark level. A violation of duality could correspond to non-
perturbative terms like exp[�mb/⇤], which give vanishing contributions, when being Taylor
expanded around ⇤/mb = 0 (see e.g. [13] and also [14] for a detailed discussion of duality, its
violations and some possible models for duality violations). To estimate the possible size of
these non-perturbative terms we note first that the actual expansion parameter of the HQE

is the hadronic scale ⇤ normalised to the momentum release
q
M2

i �M2
f . For the decay of

a free b-quark we get - depending on the final quark states - the following possible values of
the expansion parameter and the non-perturbative term (varying ⇤ within 0.2 and 2 GeV,
mb within 4.18 and 4.78 GeV and mc within 0.975 and 1.67 GeV):

Channel Expansion parameter x Numerical value exp[�1/x]

b ! cc̄s ⇤p
m2

b�4m2
c

⇡ ⇤
mb

⇣
1 + 2m2

c

m2
b

⌘
0.054� 0.58 9.4 · 10�9 � 0.18

b ! cūs ⇤p
m2

b�m2
c

⇡ ⇤
mb

⇣
1 + 1

2
m2

c

m2
b

⌘
0.045� 0.49 1.9 · 10�10 � 0.13

b ! uūs ⇤p
m2

b�4m2
u

= ⇤
mb

0.042� 0.48 4.2 · 10�11 � 0.12

(2.2)

From this simple numerical exercise one finds that duality violating terms could easily be of
a similar size as the expansion parameter of the HQE. Moreover decay channels like b ! cc̄s
might be more strongly a↵ected by duality violations compared to e.g. b ! uūs. This agrees
with the naive expectation that decays with a smaller final state phase space might be more
sensitive to duality violation.
Obviously duality cannot be proved directly, because this would require a complete solution of
QCD and a subsequent comparison with the HQE expectations, which is clearly not possible.
To make statements about duality violation in principle two strategies can be performed:

a) Study simplified models for QCD, e.g. the t’Hooft model (a two-dimension model for
QCD, see e.g. [13–18]) and develop models for duality violations, like instanton-based
and resonance-based models (see e.g. [13, 14]).

b) Use a pure phenomenological approach, by comparing experiment with HQE predic-
tions.

In this work we will follow strategy b) and use a simple parameterisation for duality violation
in mixing observables and lifetime ratios, which will be most pronounced for the b ! cc̄s
channel. At this stage it is interesting to note that for many years there have been problems
related to application of the HQE for inclusive b-hadron decays and most of them seemed to
be related to the b ! cc̄s channel:

• The experimental ⇤b lifetime was considerably lower than the theory prediction, see
e.g. the discussion in [19], where also a simple model for a modification of the HQE

2

⇤

M2
i �M2

f

b ! cc̄s



DUALITY VIOLATION

➤ Many historic hints for possible duality violation:             
missing charm puzzle,        lifetime, di-muon asymmetry,… 

➤ Duality cannot be proofed - solution of QCD necessary:       
test whether duality based predictions agree with experiment 

➤ Since Moriond 2012:

⇤b�

size of duality violations is 
severely constrained by perfect 
agreement of experiment and 

theory for
⇣

��s
�Ms

⌘SM

⇣
��s
�Ms

⌘Exp = 0.99± 0.20



QUANTIFY THE POSSIBLE SIZE OF DUALITY VIOLATIONS

�q
12 =

q

b

b

q

u,c

u,c

q

b

b

q

u,c

u,c

We expect duality violations to be more pronounced 
 if the final state phase space is becoming smaller 

our ansatz: 

which we get (we use the same the CKM input as [55]; the values were taken in 2015 from
CKMfitter [58], similar values can be obtained from UTfit [59].)

CKM B0
s B0

d
�u
�t

�8.0486 · 10�3 + 1.81082 · 10�2I 7.5543 · 10�3 � 4.04703 · 10�1I⇣
�u
�t

⌘2

�2.63126 · 10�4 � 2.91491 · 10�4I �1.63728 · 10�1 � 6.1145 · 10�3I

(2.13)

In addition to the CKM suppression a pronounced GIM-cancellation [60] is arising in the
coe�cients a and b in Eq.(2.12). With the input parameters described in [55] we get for the
numerical values of a, b and c:

B0
s B0

d

c �48.0± 8.3 �49.5± 8.5
a +12.3± 1.4 +11.7± 1.3
b +0.79± 0.12 +0.24± 0.06

(2.14)

From this hierarchy we see, that��q/�Mq is given to a very good approximation by�0.0001c
and aqsl by 0.0001a=(�u/�t).
Next we introduce a simple model for duality violation. Such e↵ects are typically expected
to be larger, if the phase-space of a B0

s decay becomes smaller. Thus b-quark decays into two
charm quarks are expected to be more strongly a↵ected by duality violating e↵ects compared
to b-quark decays into two up quarks. Motivated by the observations in Section 2 we write
to a first approximation3:

�s,cc
12 ! �s,cc

12 (1 + 4�) , (2.15)

�s,uc
12 ! �s,uc

12 (1 + �) , (2.16)

�s,uu
12 ! �s,uu

12 (1 + 0�) . (2.17)

The cc̄ contribution is a↵ected by a correction of 4�, cū by � and uū is not a↵ected at all.
Already at this stage ones sees that such a model is softening GIM cancellations in the ratio
�s
12/M

s
12; we get

�s
12

M s
12

= 10�4


c(1 + 4�) +

�u

�t
(a+ �(6c+ a)) +

�2
u

�2
t

(b+ �(2c+ a))

�
. (2.18)

Studying this expression, we find that the decay rate di↵erence is mostly given by the first
term on the r.h.s., so we expect ��s/�Ms ⇡ �c(1 + 4�) · 10�4, which is equivalent to our
naive starting point of comparing experiment and theory prediction for ��s. The semi-
leptonic CP asymmetries will be dominantly given by the second term on the r.h.s., assl ⇡
=(�u/�t) [a+ �(6c+ a)] · 10�4. Now the duality violating coe�cient � is GIM enhanced by
(6c+ a) compared to the leading term a. Having an agreement of experiment and theory for
semi-leptonic CP asymmetries could thus provide very strong constraints on duality violation.
Using the values of a, b and c from Eq.(2.14) and the CKM elements from Eq.(2.13) we get

3
Similar models have been used in [61–63] for penguin insertions with a cc̄)-loop.
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We  get the following dependence of mixing observables
for the observables �Mq, ��q and aqsl the following dependence on the duality violating
parameter �:

Observable B0
s B0

d
��q

�Mq
48.1(1 + 3.95�) · 10�4 49.5(1 + 3.76�) · 10�4

��q 0.0880(1 + 3.95�) ps�1 2.61(1 + 3.759�) · 10�3 ps�1

aqsl 2.225(1� 22.3�) · 10�5 �4.74(1� 24.5�) · 10�4

(2.19)

As expected we find that the duality violating parameter � has a decent leverage on ��q

and a sizeable one on aqsl. The expressions for ��q were obtained by simply multiplying the
theory ratio ��q/�Mq with the theoretical values of the mass di↵erence, as given in Eq.(2.4).
Comparing experiment and theory for the ratio of the decay rate di↵erence ��s and the mass
di↵erence �Ms we found (see Eq.(2.5)) an agreement with a deviation of at most 19%. Thus
the duality violation - i.e. the factor 1 + 3.94516� in Table 2.19 - has to be smaller than this
uncertainty:

1 + 3.95�  0.96± 0.19 ) � 2 [�0.0583, 0.0380] . (2.20)

Equivalently this bound tells us that the duality violation in the cc-channel is at most +15.2%
or �23.3%, if the e↵ect turns out to be negative. If there would also be an 19% agreement
of experiment and theory for the semi-leptonic asymmetry assl, then we could shrink the
bound to � down to 0.00851. Unfortunately experiment is still far away from the standard
model prediction, see Eq.(2.4). However, we can turn around the argument: even in the most
pessimistic scenario - i.e. having a duality violation that lifts GIM suppression - the theory
prediction of assl can be enhanced/diminished at most to

assl = [0.336, 5.12] · 10�5 . (2.21)

In the B0
d-system a comparison of experiment and theory for the ratio of decay rate di↵erence

and mass di↵erence turns out to be tricky, since ��d is not yet measured, see Eq.(2.4). If we
would use the current experimental bound on the decay rate di↵erence ��d, we would get
artificially large bounds on �. Looking at the structure of the loop contributions necessary to
calculate �d

12 and �s
12, one finds very similar cc̄-, uc̄c-, cū- and uū-contributions. Our duality

violation model is based on the phase space di↵erences of decays like B0
s ! DsDs (cc), B0

s !
DsK (uc) and B0

s ! ⇡K (uu), which are very pronounced. On the other hand we find that
the phase space di↵erences of B0

s - and B0
d-decays are not very pronounced, i.e. the di↵erence

between e.g. B0
s ! DsDs vs. B0

d ! DsD is small - compared to the above di↵erences due to
di↵erent internal quarks. Hence we conclude that the duality violation bounds from the B0

s -
system can also be applied to a good approximation to the B0

d-system. With the B0
s -bound

we get that the theory prediction of adsl and ��d can be enhanced/diminished due to duality
violations at most to

adsl 2 [�11.5,�0.326] · 10�4 , (2.22)

��d 2 [2.04, 2.98] · 10�3 ps�1 . (2.23)

These numbers can be compared to the SM values obtained in [55], see Eq.(2.4). In principle
any measurement of these observables outside the ranges in Eq.(2.21), Eq.(2.22) and Eq.(2.23)
would be a clear indication of new physics. New physics in��d could have the very interesting
e↵ect of reducing [64] the still existing discrepancy of the dimuon asymmetry measured at

7
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