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1 Introduction

These lectures provide a basic knowledge about flavour physics, covering the
following topics:

1. Precise determination of standard model parameters, e.g. CKM
parameters and quark masses from precision studies of decays of heavy
hadrons. This will affect all other branches of particle physics that use
these parameters for predictions in their field.

2. Study of CP violation. CP violation is a crucial ingredient for the
existence of matter in the Universe. Till now it has only been observed
in the decays of quarks.

3. Indirect searches for new physics. High precision flavour measure-
ments are compared with very precise standard model (SM) predic-
tions. A deviation of the two could point towards new physics effects.
Consider an observable f, with the experimental value f¥*P® and the
experimental uncertainty 6. The corresponding SM prediction is
denoted by fM and the theoretical uncertainty is 6™ (typically dom-
inated by hadronic effects). Now imagine a new, unknown particle X
of mass My and some couplings gy, that contributes to the observable
f as fBM(Myx, gx) - comparing experiment and theory we can then
constrain the values of M, and gx and maybe even identify the new
particle:

fEXp + 6Exp _ fSM + 5SM 4 fBSM(MX;gX) (1)

4. Understanding QCD: The interesting dynamics of heavy hadron de-
cays it typically overshadowed by hadronic effects. Therefore it is cru-
cial to have a reliable toolkit for tackling the QCD effects. The basic
theoretical tool to make flavour predictions are effective theories.
This concept became recently very popular for new physics searches in
fields, that have a priori nothing to do with flavour physics, e.g. dark
matter, collider physics, higgs physics, standard model effective theory
(SMET),... .
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To set the notation and conventions the notes start very elementary!, but
they will become more technical later on.

1.1 The standard model in a real nutshell

All currently known elementary particles can be split into up in three groups
according to their spin:

1. Spin 0 particles: appear in the process of the creation of mass
2. Spin 1/2 particles: form matter constituents
3. Spin 1 particles: are force transmitters

These three groups contain altogether 25 (= 1412412) fundamental parti-
cles, which read explicitly:

1. Spin 0 particle: Creating the masses of the fermions and of the weak
gauge bosons via the Higgs mechanism (Englert and Brout; Higgs;
Guralnik, Hagen and Kibble) [2, 3, 4, 5, 6] gives rise to new scalar

For a nice introduction to the standard model see e.g. [1].



particles. In the simplest realisation this is a single neutral particle,
the so-called Higgs boson h, which was predicted in [3, 4, 6]* and
found in 2012 at the Large Hadron Collider (LHC) at CERN,
Geneva by the experiments ATLAS and CMS [7, 8].

2. Spin 1/2 particles: matter is built out of fermions, which are split
into two classes: quarks and leptons.

Quarks: Leptons, AerToo = light, not heavy:

U c t Ve Vy Vs
(d) (s) (b) <e) (u) (7‘)
Quarks take part in the strong interaction, the weak interaction and the
electromagnetic interaction. Concerning the latter, the u,c,t quarks
have the electric charge +2/3 and the d, s, b quarks have charge —1/3.
Leptons do not take part in the strong interaction, but in the weak in-
teraction. Concerning the electromagnetic interaction, e™, u=, 7~ have

charge —1 and thus take part, while neutrinos are electrical neutral and
hence they only interact weakly.

3. Spin 1 particles: the fundamental interactions are transferred via
corresponding interaction quanta, the gauge bosons:
e electro-magnetic interaction: photon ~
e weak interaction: weak gauge bosons W+, W~ 79
e strong interaction: gluons ¢y, ..., gs

The weak bosons W+ have the electric charge 41, while all other bosons
are electrically neutral.

Remarks:

e The matter constituents show up in three copies (generations), the
individual species are called flavour, i.e. u,d, ¢, s,t,b in the case of the
quarks. In principle all known matter is made up of the first gener-
ation - ordinary matter consists of atoms, which are built of protons,
neutrons and electrons and the protons and neutrons itself are built

2All the cited papers can be easily obtained from INSPIRE or arXiv; simply type in
Google: “spires” or “arXiv”.



out of up- and down-quarks, at least to a first approximation. Looking
more carefully one finds also gluons and different quark-antiquark pairs
including a non-negligible portion of strange quarks. Later we will see,
what is peculiar about having at least three generations of matter in
the standard model.

e Gauge symmetry forces all gauge bosons and fermions to be exactly
massless. The weak gauge bosons and fermions will acquire mass via
the Higgs mechanism, without violating the gauge principle.

1.2 Masses of the elementary particles

In the theoretical tools used to describe flavour observables the hierarchy
between different mass scales will be crucial. Thus we give here a short
overview (status: May 2020, PDG [9]) over the masses of the elementary
particles. For comparison: the mass of a proton is 938.27208816(29) MeV =
1.67262192369(51) - 10727 kg.

‘ Particle ‘ Physical mass ‘ MS — mass ‘

t 172.9(4) GeV [ 160.075 GeV
h 125.10(14) GeV
Z 91.1876(21) GeV
W 80.379(12) GeV
b 4.78(6) GeV | 418700 GeV
T 1.77686(12) GeV
c 1.67(7) GeV | 1.27(2) GeV
1 105.6583745(24) MeV
B 937! MeV
d 467033 MeV
u 2.16%0 50 MeV
e 510.9989461(31) keV GeV
v <2 eV GeV

Yy 91y 593 | O GeV GeV

Remarks:

e In principle it is sufficient to remember only roughly the values of the
masses of the elementary particles. Some of the observables we will
investigate below, depend however strongly on the masses, e.g. lifetimes

10



of a weakly decaying particle are proportional to the inverse fifth power
of the mass of the decaying particle. Hence we provided the precise
values of the masses.

e Quarks do not exist as free particles but only within bound states.
Thus it is not clear what is actually meant by the mass of a free quark.
We give here two commonly used definitions: we identify the pole mass
(i.e. the pole of the corresponding quark propagator) with the physical
mass. This works well for ¢, b and t, but not for the light quarks.
Another commonly used definition is the M S-mass [10]. For the three
heavy quarks we use 7,(7,) and for the three light quarks we quote
mg(2 GeV).

e Update: In order to compare more easily with the literature we will
use for the numerical evaluations in this lecture:

(M) = 4.248 GeV ,  m;°° = 4.65 GeV ,
me(M,) = 1.277 GeV ,  mL°® = 1.471 GeV ,
me(mp) = 0.997 GeV .

—~ —~
= W N
I =

1.3 Outline

Flavour physics is the description of effects related to the change of quark
and lepton flavours. In this course we restrict ourselves to quark transitions
and since the top quark does not form bound states we will also not discuss
it. Mostly we will be treating transitions of bottom and charm quarks.
Many of the theoretical tools used to describe these effects are based on
the concept of effective field theories, which have also very important
applications outside flavour physics.

This lecture course consists of 16 + 6 hours of lectures. [t is split up into the
following sections

1. General introduction
2. Flavour physics and the CKM matrix
3. Flavour phenomenology

4. Weak decays I - Basics

11



10.
11.

12.

Weak decays II - The effective Hamiltonian
Weak decays 111 - Inclusive B-decays

The Heavy Quark Expansion

Mixing in particle physics

Mizing of neutral mesons

Exclusive B-decays

Search for new physics

Appendix: detailed calculation of the QCD [B-function and a collection
of useful formulae
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2 Flavour Physics and the CKM matrix

2.1 Heavy hadrons

In this lecture course we are considering hadronic bound states containing
a heavy b-quark and/or a heavy c-quark. Mesons consist of a quark and an
anti-quark and baryons of three quarks.

The concrete quark content and some basic properties of B-mesons and b-
baryons read: (status May 2020, masses from PDG [9] and lifetimes and
ratios from HFLAVI[11] - my own estimates are indicated by *):

add: Explain parity,... pseudoscalar mesons...

B-mesons

By=(bd) | B* = (bu) | B, = (bs) | BF = (bc)
Mass (GeV) || 5.27964(13) | 5.27933(13) | 5.36683(17) | 6.2749(8)
Lifetime (ps) || 1.519(4) | 1.638(4) | 1.510(4) | 0.510(9)
7(X)/7(By) 1 1.076(4) | 0.994(4) | 0.336(6)x

b-baryons

Ay = (udb) | Z) = (usb) | E, = (dsb) | ©, = (ssb)
Mass (GeV) | 5.61960(17) | 5.7918(5) | 5.7944(12) | 6.0480(19)
Lifetime (ps) | 1.471(9) | 1.480(30) | 1.572(40) | 1.64 (*}3)
T(X)/7(Bg) || 0.969(6) | 0.974(20)* | 1.035(26)* | 1.08 (*1?) *

Alternative lifetime averages were, e.g., obtained in [12].

In particular the lifetime ratios provide crucial tests of our calculational tools,
since they are not expected to be sizable affected by new physics. If our
methods pass these tests we can apply them to quantities which are expected
to be sensitive to new physics effects. This will be discussed in detail below.
The quark content and some basic properties of D-mesons and c-baryons
read: (status May 2020, masses and lifetimes from PDG [9]):®

D-mesons

3DY% and Dt have the same relative precision in the lifetimes.

13



D° = (uc) | D* = (dc) | D = (5¢)
Mass (GeV) | 1.86483(5) | 1.86965(5) | 1.96834(7)
Lifetime (ps) || 0.4101(15) | 1.040(7) | 0.504(4)
7(X)/7(D?) 1 2.536(17) | 1.229(10)
c-baryons
A= (ude) | ZF = (usc) | 22 = (dsc) | Q. = (ssc)
Mass (GeV) | 2.28646(14) | 2.46793(18) | 2.47091(25) | 2.6952 (17)
Lifetime (ps) | 0.200(6) | 0.442(26) | 0.112(*}2) | 0.268(26)
7(X)/7(D% || 0.488(15) 1.08(6) 0.27(3) 0.65(6)

The charm sector* provides some additional complementary tests of our theo-
retical tools, since there the expansion parameter is considerably larger. The
was a huge shift in the lifetime of the €2, baryon.

Later on will also discuss kaons and pions, thus we provide also some of their
properties

K-mesons
Kg=(3d+sd) | K =(5d —sd)| K*=35u
Mass (GeV) || 0.497611(13) 0.497611(13) |0.493677(16)
Lifetime (ps) 89.54(4) 51160(210) 12380(20)
Pions
™ =du 70 = (au — dd) /2
Mass (GeV) [ 0.13957061(24) 0.1349770(5)
Lifetime (ps) 26033(5) (8.52+£0.18) - 107°

4For the (2. just recently five new excited states have been identified [13].

14



2.2 Weak decays of heavy quarks

All these hadrons decay via the charged weak interaction. The dominant
processes are the following tree-level decays:

e free b-quark tree-level decay:

b—>{c -i-W_—){c +4q ¢c+d
u u

e free c-quark tree-level decay:
S " s
c— { d + W —>{ d +

d,s

W+

15



If there are quarks in the final state we have sizable QCD-corrections, which
is indicated in the Feynman diagrams by the gluon exchanges. The above
transitions are triggered by the charged weak current; they consist of a tran-
sition of a x-quark into a y-quark via the exchange of a W*-boson. The basic
vertex reads

x=(u,c,t)
+. ;9 W
W @ﬁ%(l_%)vxy
y=(d,s,b)
y=(d,s,b)
W-
W= iy, (=) Vo
. 2\/§ny V5 xy L
x=(u,c,t)

The couplings V;, are the so-called CKM (Cabibbo-Kobayashi-Maskawa)
elements [14, 15]. The CKM parameters exhibit a pronounced hierarchy.
Typically this hierarchy is made explicit by expressing the different CKM-
elements in powers of the small Wolfenstein parameter [16] A ~ 0.224837,
see e.g. CKMfitter [17] or UTfit [18], which provide the most recent updates
of the numerical values of the CKM matrix elements. In the case of inclusive
b-decays the following CKM elements appear:

‘/;Ld’ chs X )‘O =1 )
Vu37 ‘/cd X )\1 )

V;:b X )‘2 )

V b X )\3.7551 )



Typically it is stated in the literature that V,, is of order A\*, but numerically
it is much closer to A*. At the time, the Wolfenstein parameterisation was
proposed (1983), the knowledge about the size of V,,;, was simply not precise
enough to distinguish this difference.

In addition to the above discussed tree-level decays, there are also transitions
that appear only on loop-level. In the standard model there is e.g. no tree-
level transition of a b-quark into a s-quark. This is the famous absence of
flavour changing neutral currents (FCNC). On loop level such a tran-
sition is possible within the SM, via so-called penguin diagrams (invented
in 1975 by Shifman, Vainshtein and Zakharov [19] and baptised by John Ellis
in 1977 [20]).°

q 9

b-decays that proceed only via penguins are b — s3s, ssd, ddd, dds, s,
dry, sltl=, dItl~, sg and dg. b-decays that proceed via tree-level decays
and penguins are b — ccs, ccd, uus and uud. For b — ccs penguins are a
correction of about 9% of the LO decay rate [22], for b — wus penguins are
by far the dominant contribution [23].

2.3 Weak decays of heavy hadrons

In reality weak decays of mesons are however much more complicated, than
the decay of a free quark, because of strong interactions, which is depicted in
the following diagrams. In principle the binding of the quarks into a meson

5See [21] for a nice recollection of the history of penguins in particle physics.
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is a non-perturbative problem, i.e. the exchange of one gluon is as important
as the exchange of numerous ones.

Meson decays can be classified according to their final states: we start with
the distinction of inclusive and exclusive decays and then we further split up
exclusive decays into leptonic, semi-leptonic and non-leptonic ones.

2.3.1 Inclusive vs. exclusive decays

e In exclusive modes every final state hadron is identified.

S

>4
Dy

AC
A

D(2010)"

o

wo
N

>
d

This is in principle what experiments can do well, while theory has the
problem to describe the hadronic binding in the final states. For the
quark-level decay b — ¢ ¢ 5 we have among many more the following
options:

BY — D*(2010)" Dit,
D™D,
D*(2010)~ D},
D DY,

marny, maly more.

Ll

e In inclusive modes we only care about the quarks in the final states:
b—eccs.

This is clearly theoretically easier, while experiments have the problem
of summing up all decays that belong to a certain inclusive decay mode.

18



To get a feeling for the arising branching fractions we list the theory value
[22] for b — ¢ ¢ s, with some measured [9] exclusive branching ratios.

Br(b — ccs) (23+2)%, (5)
Br(D*” DY) = (1.77+£0.14)%, (6)
Br(D*” D}) = (804+1.1)-107%, (7)
Br(D™ Di*) = (744+1.6)-107*, (8)
Br(D™ D) = (7240.8)-107*, (9)
Br(J/V Kg) = (8.734+0.32)-107*. (10)

Here one can already guess that quite some number of exclusive decay chan-
nels has to be summed up in order to obtain the inclusive branching ratio.
We will find later that the free quark decay can be a very good approxi-
mation for inclusive hadron decays, if the decaying quark is heavy enough.
This can be shown within the framework of the Heavy Quark Expansion
(HQE), see, e.g., [24] for a review and references therein. For the b-hadrons
this approximation works quite well; it is currently discussed whether it also
works for c-hadrons.

2.3.2 Leptonic decays

Leptonic decays have only leptons in the final state, e.g. the tree-level decay
BT —71" v,

Such decays have the simplest hadronic structure. Gluons bind the quark of
the initial state into a hadron. All non-perturbative effects are described by
a decay constant, fz-, which is defined for general B mesons as

(Olgy" 50| By(p)) = ifn,p", (11)

19



where b and u are the spinors of the bottom and up quark and p* is the
B,-meson four-momentum. Decay constants can nowadays be precisely de-
termined by lattice QCD simulations. Leptonic decays can also proceed via
loop-level in the SM, an example is the decay B, — putpu~.

2.3.3 Semi-leptonic decays

Semi-leptonic decays have leptons and hadrons in the final state, e.g. B~ —
D% e~ 1,.

DO

u
c
b W-

.
‘78
Now the hadronic structure is more complicated. We have the binding of
hadrons in the initial state and in the final states. Moreover there is the
possibility of having strong interactions between the initial and final states.
The non-perturbative physics is in this case described by form factors

B7=D% () and fP P (%) that depend on the momemntum transfer ¢2.
They are defined as

DO - be _ B~ —DY% 2 % no m%_m% 1%
(D"(pp)|evub| B~ (pB)) = I (¢°) { P + D Z ¢

2 2
mp—Mp ,

- 0
+f7 "0 7

(12)



Form factors can be determined by sum rules or Lattice QCD calculations.
There are again semi-leptonic decays than can only appear on the loop-level
in the SM, e.g. By — K%u*pu~.
2.3.4 Non-leptonic decays

Non-leptonic decays have only hadrons in the final state, e.g. B~ — D° 7.

These are the most complicated decays and they can only be treated by
making additional assumptions that allow then for a factorisation, e.g.

(D7 [e7u(1 = 5)b - dy (1 — 5)ulB7)
~ (D°)evu(l = 75)b| BT) - (7™ |dy"(1 — 75)ul0)
- 0
o fEOPNE) - fa (13)
Later on, when investigating these decays in more theoretical detail, we will
see, when the factorisation assumption is justified and when not. Moreover

we will find that besides decay constants and form factors, also new non-
perturbative objects, called distribution amplitudes will arise.

21



2.4 Yukawa interaction, CKM matrix and FCNCs
2.4.1 The SM Lagrangian
The Lagrangian of the standard model [25, 26, 27] reads schematically

L = —iF,WF’“’
+i¥ PY
+HDu®* = V(@)
+0, Y90, + hee. . (14)

The first line of Eq.(14) describes the gauge fields of the strong, weak and
electro-magnetic interaction, the second line massless fermions and their in-
teraction with the gauge fields. The third line represents the free scalar field,
the Higgs potential and the interaction of the scalar field with the gauge
fields. The special form of the Higgs potential will result in masses for some
of the gauge bosons. The last line describes the interaction between fermions
and the scalar field, the so-called Yukawa interaction. When the Higgs field
® is replaced by its vacuum expectation value v/v/2 one is left with a fermion
mass term of the form vY;;/v/2- W, ¥}, so the mass is given by my; = vY;;/V/2.
The full standard model Lagrangian is invariant under Poincare transforma-
tions and local SU(3)¢ x SU(2), x U(1)y gauge transformations - SU(3) de-
scribes the strong interaction, ¢ stands for colour, SU(2) describes the weak
interaction, L stands for left-handed, U(1) describes the electromagnetic in-
teraction and Y stands for hypercharge. Looking at the SU(2), x U(1)y-part
in more detail one gets in the case of one generation of fermions the following
expressions:

1 a v a ]' v
L= —WiLWe - B,B"

_ _ g-w,
+W A (z@u — nY1.B, — 92q1, 5 M) vy

2

. g-w
(2(% - 91Y<1>Bu — 9249 5 M) o

. . g-w
+V Ryt (z@u — 91YrB, — 92qr M) Vg

2

+

22



— (0 0Y,up + @n®Y]Wy) — (U 0Vadn + dr®Y] W, ) . (15)

Let us discuss first the notation:

a)

Q)

U and ¥ denote left- and right-handed spinors describing the fermions

U (16)

The splitting of a spinor in left- and right-handed components is mo-
tivated by the experimental fact of parity violation. The violation of
parity in the weak interaction was theoretically proposed in 1956 by
Lee and Yang (NP 1957) [28] and almost immediately verified by the
experiment of Wu [29]. A way of implementing this fact into the theory
is treating the right-handed fermions Vg as SU(2); singlets and the
left-handed fermions W, as SU(2);, doublets. One can write

wL:<§§>. (17)

ur, is the four component Dirac spinor of the up-quark it has weak
isospin +1/2 and dj, is the four component Dirac spinor of the down
quark with weak isospin —1/2.

g1 is the gauge coupling of the U(1)y interaction transmitted via the B,
gauge field, B, is the corresponding field strength tensor. Y g4 are
the hyper charges of the left-handed fermions, right-handed fermions
and of the Higgs field.

g2 is the gauge coupling of the SU(2), interaction transmitted via
the three VT/M gauge fields, Wi, (a = 1,2,3) is the corresponding field
strength tensor and & denotes the Pauli matrices. The fact that only
left-handed fermions take part in the weak interaction and right-handed
do not, is fulfilled by the following choice of the charges: gr = 0 and
qr = qp = 1. This describes correctly the experimentally found mazi-
mal parity-violation of the weak interaction.

Also the Higgs field is a SU(2), doublet

o= (% ). (18)
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with hypercharge Y = 1/2. The complex Higgs doublet has four de-
grees of freedom and the following quantum numbers.

ot ¢

Q| +1 0

T3 | +1/2 —1/2 °

Y | +1/2 +1/2

Using the unitary gauge one can expand the Higgs field in the fol-

lowing way
1 0
= — : 1
<I> \/§<U+H) (19)

v is the non-vanishing vacuum expectation value of the Higgs field &
(v &~ 246.22 GeV)® and H is the physical Higgs field, which was re-
cently found at the LHC [7, 8].

Y. are the Yukawa couplings of the up- and down-quarks. To give
both the up-quarks and the down-quarks a mass we have to introduce
a second Higgs field, which is not independent from the original one
(in some extensions of the standard model, it will be independent, e.g.
in the Two-Higgs Doublet Model (2HDM) or the Minimal Supersym-
metric Standard Model (MSSM)).

D¢ = 0y " = ( _i; ) . (20)

This field can also be expanded as

o¢ = %(”BH> (21)

The potential of the Higgs field is given as
V(0T0) = 2(0Td) + (DT D). (22)

e) Y* and Y? are the so-called Yukawa couplings. Since a naive fermion
mass term of the form m(\TJ Vg + UpU ) is not gauge invariant un-
der SU(2)r, the gauge-invariant Yukawa interaction was introduced to
create fermion masses. This will be discussed in detail below.

5Originally v is defined as the minimum of the Higgs potential, v = y/—pu2/\. Express-
ing the gauge boson masses in terms of v one gets My, = gov/2. Comparing this with the

definition of the Fermi constant Gr/v/2 = g2/(8M2,) one sees that v = 1/1/(vV2GF).
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2.4.2 The Yukawa interaction

After spontaneous symmetry breaking the Yukawa term reads in the case of
one fermion generation

Lyukawa = — (Vr@Vup+ ug®TY, V) — (U, @Yadp + dp®TY;0,)
vY, B vYy - -

= — \/§ (U,LU,R —|— URUL) — 7; (deR + deL) . (23)
In the last line we assumed that the Yukawa couplings are real and then
we get a simple mass term for the up- and down quarks with the masses
Myd = VYo a/ V2. The possibility of having complex values of the Yukawa
coupling will be studied below.
For three generations of quarks the situation gets still a little more involved.
The Yukawa interaction reads now

EYukawa =
) URr . QL
= —(Qur.Q21,Q31) Yy | cr | — (un,r tr) VY] [ Qo
lr Qs.r
[ dr - - R Q1L
— (Qur,Q21,Qs5.) ®Yy | sr | — (dr. Sk, br) oY [ @ |
br Q3L

(24)
with the three SU(2), doublets

QI,L:<Z§>; QQ,L:(22>, Q37L2<Z). (25)

Note, that now in general the Yukawa coupling matrices Y/%d do not have to
be diagonal! After spontaneous symmetry breaking one gets the following
structure of the fermion mass terms:

— YN WY — UMWY — TN T — UM (26)
with
u
Ut = c |, (27)
t
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d

o= | s |, (28)
b

M, = Y, , (29)

V2
M, = %Yd . (30)

Again, in general the mass matrices M, and M, do not have to be diagonal,
but they can be diagonalised with unitary transformations

UY s U0 with UfU, =1, (31)
Ul U, 07 with UjU, =1 . (32)

The transformed mass matrices read

My
UiNLU, = %UquUl - me , (33)
my
~ v ~ Md
U MUy = TUQTYdUZ = mg . (34)
2 -

The states that belong to a diagonal mass matrix are called mass eigen-
states or physical eigenstates, the states that couple to the weak gauge
bosons are called weak eigenstates. In principle the mass matrices could
also be diagonal from the beginning on. We will start, however, with the most
general possibility and finally experimental data will show what is realised
in nature.

2.4.3 The CKM matrix

The transformation between weak and mass eigenstates does not affect the
electromagnetic interaction and also not the neutral weak current. In this
cases up-like quarks couple to up-like ones and down-like quarks to down-like
ones, so one has always the combinations UlT U, and U2T Us in the interaction
terms. By definition this combinations give the unit matrix. Thus all neutral
interactions are diagonal, in other words there are no flavour changing
neutral currents (FCNC) in the standard model at tree-level.
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why can we not start off with non-diagonal couplings?
The originally diagonal charged current interaction can however become
non-diagonal by this transformation

1 d

(@, ¢ t) v, (L —s) 1 s

1 b
d
— (0,607, (1 =) UiU, | s
b

d

- (ﬂ, 575%(1 _’75) S (35)
b

This defines the famous Cabibbo-Kobayashi-Maskawa-Matrix or CKM-
Matrix
VCKM = U{rUQ (36)

From a theory point of view it is not excluded that U{r U, is diagonal (e.g.
U; and U, are unit matrices or U; = Us). In the end experimental data will
show (and have shown) if the CKM-matrix is non-diagonal and thus allows
transitions between different families. Historically this matrix was invented
in two steps:

e 1963: 2x2 Quark mixing by Cabibbo [14]
e 1973: 3x3 Quark mixing by Kobayashi and Maskawa [15]; NP 2008

Let us look a little more in the properties of this matrix:

By construction the CKM-Matrix is a unitary matrix, it connects the weak
eigenstates ¢’ with the mass eigenstates ¢. Instead of transforming both
the up-type and down-type quark fields one can also solely transform the
down-type fields:

d d
S = VCKM s’ . (37)
b v

One can show, that a general unitary N x N-matrix has N(N — 1)/2 real
parameters and (N — 1)(/NV —2)/2 phases, if unphysical phases are discarded.
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N =2 1 real parameter 0 phases
N =3 3 real parameters 1 phase
N =4 6 real parameters 3 phases

As will be discussed below a complex coupling, e.g. a complex CKM-element,
leads to an effect called CP-violation. This will have important conse-
quences on the existence of matter in the universe. Kobayashi and Maskawa
found in 1973 that one needs at least three families of quarks (i.e. six quarks)
to implement CP-violation in the standard model. At that time only three
quarks were known, the charm-quark was found in 1974.

As we have seen already, the CKM-Matrix allows non-diagonal couplings of
the charged currents, i.e. the u-quark does not only couple to the d-quark
via a charged W boson, but it also couples to the s-quark and the b-quark.
The entries of the CKM-matrix give the respective coupling strengths

V;td Vus Vub
Vokm =\ Ve Ves Ve | - (38)
Via Vis Vi
. g2
Coupling o« —==~,(1 — v5) V4, 39
pling 9 \/5%( V5) Vad (39)

For a unitary 3 x 3 matrix with 3 real angles and 1 complex phase, different
parameterisations are possible. The so-called standard parameterisation
reads

C12€13 S12€13 s13€ 0
Verams = | —S12023 — C125235136°%  C1aCa3 — S128523813€70% 523C13 ,
S12893 — C12C23813€"°%  —Cia823 — S12C23813€"°%  Ca3C13
(40)
with
s;j i=sin(f;;) and ¢;; = cos(6;;) . (41)

The three angles are 65,093 and 63, the complex phase describing CP-
violation is d13. This parameterisation is exact and it is typically used for
numerical calculations. There is also a very ostensive parameterisation, the
so-called Wolfenstein parameterisation [16]. This parameterisation uses
the experimentally found hierarchy V4 ~ 1 ~ V., and V,, ~ 0.224837 =: A
to perform a Taylor expansion in \. Here one also has 3 real parameters A,
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A and p and one complex coupling denoted by 7.

1-— ’\72 A AN(p—in)
Vekm = —A 1- %2 AN? + O\ . (42)
AN (1 —p—in) —AN 1

In this form the hierarchies can be read of very nicely. Transitions within a
family are strongly favoured, transitions between the first and second family
are suppressed by one power of A, transition between the second and third
family are suppressed by two powers of A and transitions between the first and
the third family by at least three powers. The most recent numerical values
for the Wolfenstein parameter read (status May 2020 from the CKMfitter

page [17])

A 0.224837 0 0000a1 (43)
A = 0.82357000%8 (44)
p = 015687500 . (45)
7 0.349910-00%8 . (46)

Remarks:

e The non-vanishing value of n describes CP-violation within the stan-
dard model.

e Numerically one gets |V,;| = 0.003683 = \>™5! 50 V,; is more of the
order A* than A3 as historically assumed.

For the values of all CKM elements one gets (status May 2020 from the
CKMfitter page [17])

0.974300 2 fopngs 02248347 gonds 00036836
Verm = 0.22470118:8888% 0.973539;8:888%0 0.041621%2%%%%%2
0.008545 5000157~ 0-04090 7500076 0-999127 7 50012

(47)

Remarks:
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e From this experimental numbers we clearly can see, that the CKM-
matrix is non-diagonal. So our initial ansatz with non-diagonal Yukawa
interactions was necessary!

e One also clearly sees the hierarchy of the CKM-matrix. Transitions
within a family are clearly favoured, while changes of the family are
disfavoured. In the lepton sector there is a very different hierarchy.

e The above given numbers have very small uncertainties. This relies
crucially on the assumption of having a unitary 3 x 3 CKM matrix.
Giving up this assumption, e.g. in models with four fermion generations
the uncertainties will be considerably larger.

2.5 A clue to explain existence

In this section we will motivate the huge interest in effects related to the
violation of a mathematical symmetry called CP (Charge Parity). This is an
extremely fundamental issue and it is related to the origin of matter in the
universe.
There is an observed asymmetry between matter and antimatter in the uni-
verse, which can be parameterised by the baryon to photon ratio ng, which
was measured by PLANCK [30] to be

s = "E "B o (6.05+0.07) - 10710 (48)

Ny

ng is the number of baryons in the universe, nz the number of anti-baryons
and n, the number of photons. The tiny” matter excess is responsible for
the whole visible universe! In the very early universe the relative excess of
matter over antimatter was much smaller, compared to now

10000000001 — 10000000000
np(t~0) = (49)

Ty
1-0
np(today) = (50)

Ty

Now we have two possibilities for the initial conditions:

"The numerical value is obtained by investigating primordial nucleosynthesis and the
cosmic microwave background, see e.g. the PLANCK homepage.
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np(t = 0) = 0: this seems to be natural, but how can then ng(t > 0) # 0
be produced?

Starting from symmetric initial conditions in the big bang everything
should have annihilated itself, which we do not observe (because we
exist!) or there are regions in the universe, which consist of antimat-
ter, so that there is in total an exactly equal amount of matter and
antimatter. This we also do not observe.®

np(t = 0) # 0: is not excluded, even if it might seem unnatural. But
during an inflationary phase (and everything points towards this sce-
nario) every finite value of np will be almost perfectly thinned out to
zZero.

Sakharov has shown in 1967 [31] how one can solve this puzzle. If the basic
laws of nature have certain properties, then one can create a baryon asymme-
try dynamically (Baryogenesis). In order not to be wiped out by inflation
one expects that the asymmetry has to be produced somewhere between
the time of inflation (7" > 10'® GeV) and the electroweak phase transition
(T~ 100 GeV). The basics properties Sakharov found are:

a)

b)

C and CP-Violation: C is the charge parity, it changes the sign of
the charges of the elementary particles; P is the usual parity, a space
reflection. The violation of parity in the weak interaction was theoret-
ically proposed in 1956 by Lee and Yang (NP 1957) [28] and almost
immediately verified by the experiment of Wu [29]. In 1964 a tiny CP
violation effect was found in the neutral K-system - in an observable
denoted by €y - by Christenson, Cronin, Fitch, Turlay [32] (NP 1980).
We know three ways of implementing CP violation in our models:

1. via complex Yukawa-couplings, as in the CKM matrix.

2. via complex parameters in the Higgs potential, see e.g. 2 Higgs
doublett models in the end of the lectures

3. ala strong CP - this we will not be discussed in this lecture notes

B Violation: The necessity to violate the baryon number is obvious.
Examples for baryon number violating processes are:

8See e.g. the homepage of the Alpha Magnetic Spectrometer experiment; the current
bound for the anti-He to He ratio will be improved from 1076 to 107°.
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1. Sphalerons in the SM
2. Decay of heavy X, Y Bosons in GUTs - triggers proton decay
3. SUSY without R-Parity - triggers proton decay

c) Phase out of thermal equilibrium: In order to decide whether one
is in thermal equilibrium or not one has to compare the expansion rate
of the universe with the reaction rate of processes that can create a
matter-antimatter asymmetry. In principle the universe is after infla-
tion almost always in thermal equilibrium. Deviations of it are possible
via

— Out-of-equilibrium decay of heavy particles, e.g.
x Nucleo synthesis
x Decoupling of Neutrinos
x Decoupling of Photons
— First order phase transitions, e.g.
« Inflation

x Electroweak phase transition?
Remarks:

e Sakharov’s paper was sent to the journal on 23.9.1966 and published on
1.1.1967; it was cited for the first time in 1976 by Okun and Zeldovich;
beginning of 2016 it has 2300 citations = be patient with your papers!

e The paper is quite cryptic; it discusses the decays of maximons (m =
MPlanck)'--

e All three ingredients have to be part of the fundamental theory, not
only in principal, but also to a sufficient extent.

For lecture notes on baryogenesis see e.g. [33, 34, 35, 36]. Currently there a
three main types of models discussed, which could create a baryon asymme-
try.
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2.5.1 Electroweak Baryogenesis

Here one assumes that the baryon asymmetry will be created during the
electroweak phase transition at an energy/temperature of about 7' ~ 100
GeV. The first candidate for this scenario is clearly the standard model.
So let us see, whether the Sakharov criteria might be fulfilled within the
standard model.

a)

In the standard model C and CP violation are implemented. For a mea-
sure of the magnitude of CP violation one typically uses the Jarlskog
invariant J[37], which reads in the standard model

J = (mg —mg)(mi —my)(m

D(my —mg)(mi —mg)-A.

(51)
m, denotes the mass of the quark ¢ and A the area of the unitarity
triangle, which will be discussed below. A is large, if the CKM-elements
have also large imaginary, i.e. CP violating contributions. Normalising
J to the scale of the electroweak phase transition one gets a very small

number:

E}
|
3

2 _m

c My

_J
(100 GeV)'2

see e.g. [38]. So it seems that the amount of CP violation in the
standard model is not sufficient to explain the baryon asymmetry.

~ 10720 < 6 x 10710 ~ np (52)

In the standard model baryon number (B) and lepton number (L) are
conserved to leading order in perturbation theory. Including quan-
tum effects (in particular the Adler-Bell-Jackiew anomaly) one finds
that B and L are no longer conserved separately, but B — L is still
conserved. Considering also non-perturbative effects (there exist no
Feynman diagrams!), in particular thermal effects one can create the
needed violation of B. These effects are called sphalerons (greek: weak,
dangerous) [39, 40]. At temperatures T< 100 GeV this effect is expo-
nentially suppressed, while it grows very rapidly above 100 GeV.

Finally one needs to be out of thermal equilibrium at 100 GeV. During
a second order phase transition the parameters change in a continuous
way and one stays always in thermal equilibrium:
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\A
0] A T>>T. T>T

T=0

In order to leave thermal equilibrium a first order transition is needed:

\2
al ] A T>T. T=T.

T=0

To answer the question of the nature of the electroweak phase transi-
tion one has to calculate the effective Higgs potential (classical potential
plus quantum effects) in dependence of the Higgs mass at finite temper-
ature. One finds for masses my < 72 GeV a first order transition, while
the transition is continuous for higher masses, see e.g. [41, 42, 43, 44].
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ISt Order
smooth
broken\ 2nd order
phase crossover
my

75 GeV

Thus the experimental value of the Higgs mass of 126 GeV clearly
points towards a continuous transition within the standard model.

To summarise: in the standard model we have C and CP violation, we have
B number violation and we have a possibility to have a phase out of thermal
equilibrium. Looking closer one finds however that the amount of CP viola-
tion is not sufficient and that the experimental measured value of the Higgs
mass is too high to give a first order phase transition.

Thus we have to extend the standard model in order to create the observed
baryon asymmetry. This is a very strong indication for physics be-
yond the standard model.

Staying with baryogenesis at the electroweak scale there are several possibil-
ities to extend the standard model in such a way that the Sakharov criterias
can be fulfilled, e.g.:

e Extended fermion sector, e.g. fourth generation models

— The Jarlskog measure can easily be increased by 10 orders of mag-
nitude [45]

— Non perturbative effects due to large Yukawa couplings might
modify the effective potential

The most simple fourth generations are, however, excluded by the mea-
sured properties of the Higgs boson [46, 47, 48]
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Extended Higgs sectors, e.g. 2 Higgs-Doublet model:

— New CP violating effects can appear in the Higgs sector, see e.g.

[49]
— Now a first order phase transition is possible, see e.g. [50, 51, 52,
53, 54, 55, 56].

SUSY without R-parity:

— New CP-violating effects possible

— First order phase transition possible for certain mass spectra, see
e.g.[57]

?0ut-of-Equilibrium decay of new unknown particles with masses m ~
100 GeV7??7?

2.5.2 GUT-Baryo genesis

Here one assumes that the baryon asymmetry will be created during the elec-
troweak phase transition at an energy/temperature of about 7'~ 10" GeV,
the unification scale of the strong, weak and electromagnetic interaction.

a) Due to the extended Higgs sector there is a lot of room for new CP
violating effects.

b) Baryon number violating processes are now already induced pertuba-
tively by the decays of the heavy X and Y bosons.

¢) When the temperature falls below the GUT-scale (=~ my.y ), the pro-
duction and the decay of the XY leave the equilibrium.

If a baryon asymmetry is produced at a very high scale, like the GUT scale,
then there is always the danger that this asymmetry will be washed out
later by sphaleron processes. Wash-out Processes (i.e. B asymmetry —
B symmetry via inverse decay and rescattering) were investigated e.g. by
Rocky Kolb (Post-Doc) and Stephen Wolfram (Grad. Student, founder of
MATHEMATICA) [58, 59].
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2.5.3 Lepto genesis

For a review of lepto genesis see e.g. [60].
There is no experimental bound on
nyp, —ny
= ——+, (53)
Ny

since charged leptons can always transform in more or less invisible neutrinos.
The basic idea of lepto genesis (1986, Fukugita and Yanagida [61]) consists
of two steps:

1. Produce first a lepton asymmetry via neutrino processes (in order not
to violate charge conservation). For this a violation of CP is manda-
tory.

One possibility would be the decay of super-heavy right-handed Majo-
rana neutrinos (AL = 2). Such neutrinos could also explain the origin
of the small neutrino masses.

2. Transform the lepton asymmetry into a baryon asymmetry via Sphalerons
(B + L is violated, while B — L is conserved).

2.6 CP violation

A violation of the CP symmetry corresponds to the appearance of a complex
coupling in the theory. In the standard model this happens in the Yukawa
sector, in particular the CKM elements can be complex if there are at least
three generations of fermions.
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2.7 Exercises

1. Draw the Feynman diagrams for the following decays

L4414 44

Ty,

D,
D~
S/
S/
J/VKs

2. Draw the Feynman diagrams for the decays B; — D*r~ and By —
77, What would you expect in theory for the ratio

Br(By — D7)

?

Br(By — mtr~)

Compare your expectation with the measured values taken from the

PDG.
Solution:

Br(By— DYr ) V21

Br(By — ntm™)

Br(By — D+r™)"P

Br(By — wtr)

Aleksey

G

(2.68 +0.13) - 1073

= 13 = 386.667,

Vi |?

= 523.438 .

(5.12 4 0.19) - 106

The agreement with our naive estimate is quite impressive!
Do a more sophisticated estimate (FF) in the QCDf section - check with
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3. What size do you expect for the semi leptonic branching ratio

['(b— cvee™)

le = >
Ftot

if the masses in the final states and sub-dominant b — wu-transitions
are neglected?

Solution:
B, — ['(b— cvee)

Ftot

B I'(b— cvee™)

 T(b—cud,s) +T(b— ced,s) + 30(b — ci.e™)
1

= ——— =0.111111.

3+3+3

Accidentally this naive estimate agrees perfectly with the measured value
of By = 0.1033 = 0.0028 for B, mesons [9].

4. Rank all possible inclusive (tree-level) decays according to their branch-
ing ratios. Now also the masses of the particles in the final states are
taken into account. The phase space factor for one Charm-quark in the
final state is about 0.67, for one tau lepton 0.28, for two charm quarks
0.40 and for one tau and one charm 0.13.

Solution:
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Decay naive naive NLO-QCD|22]

b — cud x M-3-PS;  =41.1999% 44.6%
b — ccs x A-3-PSy, =24597T% 23.2%
b—cve” o M-1-PS; =13.7333% 11.6%
b—cv,pu~ o M1-PS; =13.7333% 11.6%
b—cv.7~ o M-1-PSy, =266467% 2.7%
b — cis x MN.3.-PS, =209521% 2.4%
b — ced x MN.3.-PS, =1.25087% 1.3%
b — uud x A6.3.1 = (0.288548% 0.6%
b — ucs x A6.3.PS; =0.193327% 0.4%
b — utis o< N6.3.1 =0.0146741% 0.2%
b— uve~ oc A6.1.1 = 0.0961828%  0.2%
b—uv,u~ o A6.1-1 = 0.0961829% 0.2%
b— uv, 7~ oc AN0.1.PS; =0.0269312% 0.1%
b — ucd x A6.3.PS; =0.00983162% 0.00%

For the decay b — wus the penguin contribution is dominant, so our power
counting does not work for this decay.

. What size do you now expect for the semi leptonic branching ratio?

Solution:
By = 0.137333 .

Mass corrections turn out to be very sizable. By accident the naive lead-
ing estimate reproduced already perfectly the experiment value: By =
0.1033 £ 0.0028 for B, mesons [9]. Later on we will see, that QCD-
corrections [22] will bring down again the theoretical value to the experi-
mental one B, = 0.116.

. Show that the CKM matrix has N(N —1)/2 real parameters and (N —
1)(N —2)/2 phases for the case of N fermion generations.

Solution: Gilberto's Thesis

a) AN x N complex matrix has 2N? parameters.

b) The requirement of unitarity gives N2 constraints, so we are left with
N? parameters.
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c) For each quark field we can make a phase transformation

i
upa — €%huga,

drp — €Z¢BUL,B,

which has no physical consequence. A denotes the flavour of the
up-type quark and B the flavour of the down-type quark. These 2n
transformations lead to the following 2n — 1 rephasings of the CKM
elements

Vag — e—i(¢A—¢B)VAB_

Now we are left with N? — 2N + 1 = (N — 1)? free parameters.

d) How to split this number up into real parameters and phases? Starting
with a real orthogonal matrix we would get N(N + 1)/2 contraints
and we are thus left with N (/N — 1)/2 real parameters. The number
of phases is then (N —1)2 = N(N —1)/2 = (N — 1)(N —2).

7. Derive the Wolfenstein parameterisation!
(a) Experimentally it was known that 1 ~ V,4 > V,,s > V,;,. Start by

defining the expansion parameter \ := V,,, and derive ¢35 ~ 1.

(b) Write down the standard parameterisation of the CKM-matrix,
where s15 and ¢j3 are expressed in terms of A. Include corrections
up to order \3.

(c¢) Looking closer at experimental data one finds 1 ~ V4 > Vs >
Vi > V. Make the ansatz Vg =: AX? and Vi, =: AN (p — in)
and express the whole CKM matrix in terms of A.
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3 Flavour phenomenology

3.1 Overview

Decays of hadrons containing a beauty-quark or a charm-quark are perfectly
suited for:

1. Precise determination of the standard model parameter, like
CKM elements and quark masses. The CKM parameter appearing in
decays of b-hadrons are among the least well known: Vi, Vi, Vi, Vis
and V.

2. Understanding of the origin and the mechanism of CP violation. CP
violating was discovered in 1964 as a small effect (of the order of 107?)
in the Kaon system, described by the quantity ex.? Bigi and Sanda
pointed out in 1981 that the size of CP violation in exclusive decays
of B-mesons might be large, i.e. of order one [62].!° This triggered the
building of the B-factories and an extensive flavour physics programme
at LHC, which will be discussed below. There are also some hints for
CP violating effects in the neutrino sector - at the three sigma level.

3. Indirect search for new physics: Certain decay modes, e.g. b — s5s
or b — sutpu~ cannot happen at tree-level in the standard model since
we do not have tree-level FCNCs. But such decays can proceed via loop
effects - penguins - in the standard model. The probability for these
higher order penguin decays is typically much smaller than for tree-
level decays - thus small virtual corrections due to heavy new physics
particles might have a similar size as the SM penguins, while being only
a tiny - maybe invisible - correction to tree-level decays.

4. Understanding of QCD - all weak decays of the heavy hadrons are
heavily affected by hadronic effects that have to be entangled in or-
der to shed light to the interesting weak or BSM dynamics. Inclusive
decays - e.g. total decay rates or decay rate differences of neutral

9Direct CP violation in the Kaon system (€'/e) was only discovered in the early 2000’s
and it is still discussed, whether the experimental value can explained by the SM or is
already a hint of BSM effects.

10This was based on a work by Carter and Sanda [63]. Ashton Baldwin ” Ash” Carter
(born on September 24, 1954) was nominated by President Barack Obama on December
5, 2014 to become the United States Secretary of Defense.
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mesons - are from an hadronic point of view theoretically well under
control, because one can use the quark picture for describing observ-
ables. Exclusive decays show a strong hierarchy of theoretical difficulty,
depending on their final states: the hadronic quantity describing lep-
tonic decays like Bt — 771, (tree-level) or By — putpu~ (loop-level) are
decay constants, which are by now very well known from lattice simula-
tions. Semileptonic decays like B — Duv (tree-level) or B — Kpu™ ™
(loop-level) are described by form factors, which can be determined
via non-perturbative methods like sum rules or lattice simulations. For
purely hadronic decays one has to assume factorisation, which works
quite well for 2-body final states (for branching ratios, while there are
still problems for CP asymmetries). As hadronic inputs one needs then
meson distribution amplitudes and again the form factors. Hadronic
multibody finals states are even more complicated.

3.2 The unitarity triangle

The above outlined flavour physics research programme is closely related to
the determination of the CKM-matrix and in particular to the determination
of the so-called unitarity triangle. By construction we have a unitary CKM
matrix, i.e.

1 K° By

1= VigwVexu= > Voo Voe=| 0 1 B |, (54)
U=u,c,t 0 0 1
1 D° 71°

1= VexnVigy= Y. VanVip=|0 1 T2 | . (55
D=d,s,b 0O 0 1

In the case of three generations this gives us nine conditions per combination.
Three combinations of CKM elements, whose sum is equal to one and six
combinations whose sum is equal to zero, in particular we get

Vuqu*b -+ Vcd\/ﬁ, + Vig {Z =0, (56)

Cl

which is arising in By mixing or in b — d penguins.
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The remaining zero-sums correspond to s — d penguins (or K° mixing),
b — s penguins (or B, mixing), ¢ — u penguins (or DY mixing), ¢ — u
penguins and t — ¢ penguins. Using the Wolfenstein parameterisation we
get for the By zero sum

AN [(p+am) =1+ (1~ (p+in)] =0+ O\, (57)

with p = (1 — A?/2)p and 7 = (1 — A?/2)n. Since A and X are already quite
well known one concentrates on the determination of p and 7. The above
sum of three complex numbers can be represented graphically as a triangle,
the so-called unitarity triangle, in the complex p — n plane.

44



C=(0,0) B=(1,0)

The determination of the unitarity triangle is in particular interesting since
a non-vanishing 7 describes CP-violation in the standard model.

In principle the following strategy is used (for a review see e.g.[64]): Compare
the experimental value of some flavour observable with the corresponding
theory expression, where p and 7 are left as free parameters and plot the
constraint on these two parameters in the complex p — n plane (here one
assumes the knowledge of A and A) e.g.:

e The amplitude of a beauty-quark decaying into an up-quark is pro-
portional to V,;. Therefore the branching fraction of B-mesons decay-
ing semi leptonically into mesons that contain the up-quark from the
beauty decay is proportional to |V,|?:

B(B = XueP) = dtpeory - |Vaol” = atneory - (0" +17°)

Exp. =
SR = B p(B—)Xuey)’ (58)
Atheory

where a contains the result of the theoretical calculation. By compar-
ing experiment and theory for this decay and leaving p and 7 as free
parameters we get a constraint in the p —n-plane in the form of a circle
around (0,0) with the radius BEXp'(B — Xueﬁ)/atheory‘

e Investigating the system of neutral B-mesons one finds that the physical
eigenstates are a mixture of the flavour eigenstates. This effect will be
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discussed in more detail below. As a result of this mixing the two
physical eigenstates have different masses, the difference of the two
masses is denoted by AMp,. Theoretically one finds AMp, o |Vi4]? o
(p — 1) + n*. Comparing experiment and theory we obtain a circle

around (1,0).

e Comparing theory and experiment for the CP-violation effect in the
neutral K-system, denoted by the quantity ex, we get an hyperbola in
the p — n-plane.

The overlap of all these regions gives finally the values for p and n. In the
following figure all the above discussed quantities are included schematically.
The constraint from the semi leptonic decay is shown in green, the constraint
from B-mixing is shown in blue and the hyperbolic constraint from e is dis-
played in pink. This figure is just meant to visualise the method in principle,
later on we show a plot with the latest experimental numbers.
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Remarks:

e The above programme was performed in the last years with great suc-
cess and it comfirmed the CKM picture! As a result of these efforts
Kobayashi and Maskawa were awarded with the Nobel Prize in 2008.
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e The angles of the unitarity triangle can be expressed as

ViaVi
= — 59
Vea 2)
= arg | — < 60
0 : ( ViaViy (60)
Vud *b
= - 61
gl arg ( Vchgg> (61)
The lengths of the sides of the unitarity triangle can be related to the
angles
- sin 7y
AC=R, = ———, 62
" T ) )
_ sin (3
AB=R, = ————. 63
b sin(B+9) (63)

To a good approximation we can also write
Vb = [Vasle™,  Vig = |Viale ™. (64)

Bigi and Sanda have shown that the angle S can be extracted directly,
with almost no theoretical uncertainty - thus it is called gold-plated
mode - from the following CP-asymmetry in exclusive B-decays [62].

(B — J/V+Kg)—T(B— J/V + Kg)
(B — J/V+ Kg)+T(B — J/V + Kg)

acp x sin2f3 (65)

The fact that the size of sin 2 is expected to be order one was a further
reason for building the B-factories to measure for the first time CP
violation outside the Kaon sector.

Currently a lot of experimental effort is put into the direct determi-
nation of the CKM angle 7. Assuming no BSM effects in hadronic
tree-level decays, this extraction can be done with essential no (of the
order of 107%) [65].11 The extraction of the CKM angle « suffers from
more theory uncertainties.

1 Giving up the assumption of having no BSM effects in tree-level non-leptonic decays
on can get very large shifts in the determination of the CKM angle v [66, 67].
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3.3 Flavour experiments

In order to be able to measure flavour quantities as precisely as possible
one needs a huge number of B-mesons. So the obvious aim was to build
accelerators that create as many B-mesons as possible. Currently there are
two classes of accelerators that can fulfil this task:

e So-called B factories. This are e — e -colliders, that seem to be in
particular advantageous to perform precision measurements because of
their low background. This was done since 1999 in SLAC, Stanford,
USA with the PEP accelerator and the BaBar detector and in KEK,
Japan with the Belle detector. Currently the machine and the detector
in KEK are upgraded to a Super B factory.

B-mesons will then be produced according to the following reaction

et —e” — Y (= bb — resonances) — B, + B, . (66)

There are several excitations of the T-resonance, with different masses
and different production-cross-sections.
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Now one has to check, whether the production of B-mesons is kinemat-
ically allowed. The lightest mesons have a mass of 2mp+o ~ 10559
MeV, therefore our machine has to run on the Y (4S)-resonance, to
have the highest possible production cross section. But running on the
Y (4S5)-resonance one cannot produce any By, B. or A,. To produce
also Bs mesons (2mp, ~ 10734 MeV), one has to switch to the T(55)-
resonance, with the prize of a lower cross section - this was done at
Bellle but not at BaBar.

Another problem we have is the short lifetime of the b-hadrons, 7, ~
1072 s. In order to be able to measure the tracks of the b-hadrons,
it was decided to build asymmetric accelerators, where the produced
B-mesons have a large boost and therefore due to time dilatation a

lifetime long enough to be measured.

Hadron colliders like the TeVatron at Fermilab (p — p-collisions) and
the LHC at CERN (p— p-collisions) were not primarily built for flavour
physics, but they have huge b— and charm production cross sections

o(pp — bb+ X) = 284ub (7TeV) (67)
o(pp — cc+ X) = 6100ub (7TeV) (68)
o(ete” — bb) =~ 1nb (BaBar, Belle) (69)
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This means that an integrated luminosity of 1fb=! 2 at LHC corre-
sponds to 6 x 10'? ¢¢ pairs, approximately 1/6 of them is detected by
LHCb. Thus the currently achieved 3 fb=! correspond to about 10!
detected bb pairs, which has to be compared with about 10° bb pairs
at Belle. Moreover in addition to By and B the heavier hadrons like
B,, B, and A, are accessible in hadron machines. This led to the fact
that recently the detector LHCD (for certain decay modes also ATLAS
and CMS) started to dominate the field of experimental heavy flavour

physics.

In the following table we give a brief list of some accelerators producing
b-hadrons. Besides the kind of accelerated particles and their energy the
luminosity L is one of the most important key numbers of an accelerator.

machine location particles Exp. circum- | luminosity
energy ference | [cm™2s7!]

LEP CERN et +e” ALEPH, DELPHI | 27 km | 1032

89 -’01 Geneva, CH 105 GeV OPAL, ZEUS

TEVATRON FERMILAB p+Dp CDF 6.3 km | 4-10%2

87 - 30.9.2011 | Chicago, USA | 1+1 TeV DO 10fb~1

CESR CLEO et +e” 0.8 km | 1.3-103

79 - Cornell, USA | 6 GeV

PEP-II SLAC et +e” BaBar 2.2 km | 1.2069 - 10%*

Stanford et :3.1GeV (Peak)

99 - '08 USA e~ :9 GeV 557/433(4s) fb~1

KEKB KEK et +e Belle 0.8 km | 2.1083-10%
et : 3.5 GeV (Peak)

99 -’10 Japan e” : 8 GeV 1040 b1

LHC CERN p+p LHCb 27km | 8-10%

10 -’13 p: T+7 TeV (Peak)

15 - ... Geneva, CH 3fb~! (LHCD)

SuperKEKB KEK et +e” Belle 0.8km | 8-10%
et : 4 GeV (Peak)

19 - Japan e : 7 GeV 50ab~! in 24

12The number of events of a certain kind is related to the cross section of this event and

the luminosity in the following way

# of events = /Edt -0

(70)

J Ldt is also called the integrated luminosity and it is measured in units of e.g. b1,

50




3.4 Current status of flavour phenomenology

These experiments have achieved unprecedentedly high precision in flavour
physics, for a recent review see, e.g. [68] and references therein; some high-
lights are:

1. Precise determination of the CKM matrix with CP conserving observ-
ables:

e Assuming the validity of the standard model, fits of the CKM
matrix give very precise values, see Eq.(47).

e In particular the previously quite unknown elements V4, Vis, Vip,
V., and V,;, are now strongly constrained.
But: there is still a difference between the inclusive and exclusive
determinations of Vi and Vi, [11]:

"f1—| 4.8 :l LI ] L I T Trrr ] T T rr I LI I T TT I Trrr I L I Trrr I T rrr I:
:2 4.6 B-Drlv Ax?=1.0 contours —]
—_ - B—Dlv -
= 4.4 = Bonly E
> 42 FE Ay pRY Inclusive =
— = IV_: GGOU =
4 B world Average IV} global fitin KS =
38 —
3.6 —
34 —
326 3
3 —

28 = HFLAV
TE
2'6:_..|...|...|....|..,.|....|........|.1.)(.X2.)|=.7}7fy°.|_:
35 36 37 38 39 40 41 42 43 44

3
V] [10°]

Vi = (42194 0.78) - 107* VDT = (38.79 £ 0.69) - 10~°,
VD — (39.58 +£1.01) - 107%,
Vi — (4.3240.18)-107*  VE* = (3.67 £ 0.15) - 1073 (71)
The CKM elements including the top-quark can now be quite strongly
constrained by B-mizing due to severe improvments in the theo-
retical description of mizing stemming from HQET sum rules and
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lattice [69] - the B mixing results are largely independet on the
value of Vi, but they indicate

VEMERE — (416 40.7)- 1073, (72)

So either indicating the correctnes of the inclusive value of Vi, or
some BSM contributions to B-mizing.

2. CP violation - precise determination of the angles of the unitarity tri-
angle

e Large CPV in B decays, in particular indirect CP-violation (=
the physical eigenstate is not a pure CP-eigenstate) was found in
2001 in the decay By — J/V 4+ Kg. This was the first discovery
of CP-violation outside the K-system. It was one of the basic
motivations of the B-factories to determine the CKM angle 3 the
decay By — J/V+ Kg. A combination of the experimental results
from BaBar, Belle and LHCD gives [11]

sin 2477 = 0.699 4 0.017 . (73)

This result is in good agreement with the indirect determination
[17], when the direct measurements are excluded:

sin 285 = 0.73170057 . (74)

of f via fits of the CKM matrix.

e Direct CP-violation (= the decay itself violates CP) was discovered
only in 2012, e.g. in charmless two-particle decays

By — wnfn K'mn—, (75)
B, — K r'. (76)

In 2013 direct CP violation was also observed in charmless 3 par-
ticle decays like

Bt - Ktntn KTKTK ,ntntn  ntKTK". (77)

But only in the last channel with more than 5 sigma. The are
hints for CP violation in BT — K*pp, but so far no significant
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hints for CP violating effect in b-baryon decays.

The size of the CKM angle « is directly proportional to the size
of CP violation in the CKM matrix and it can be extracted from
direct CP violation in decays like

Bt — DK*, Drt. (78)

The most precise value for v stems from LHCb, the current ex-
perimental average [11] reads

APt = (71.1725)° . (79)

This value is, however, slightly above the indirect determination
[17], when the direct measurements are excluded:

v = (65.667909)" . (80)

Moreover B mizing indicates within the SM an upper bound on the
CKM angle v [69] (in the unitarity triangle the ray from the direct
determination of v is not touching anymore the circle steming
from B mizing)

,yB—Mixing S 66.9° (81)

with a five sigma significance.

Direct CPV in the charm sector has been found in 2019 [70] in
the quantity

AACP = ACP(DO — K+K_) — ACP(DO — 7r+7T_)
= (-154+29)-107". (82)

This value is about a factor 10 larger than naive SM estimates - it
is currently intensively discussed whether the experimental value
can be due to some non-perturbative enhancement or due to BSM
effects.

CPV effects in mixing of neutral B-mesons and D mesons are
currently searched for; these effects are tiny in the SM - so they
present a nice nulltest.

All these achievements were awarded in 2008 with the Nobel Prize for
Kobayashi and Maskawa, but there is still a lot of work to do, and the
increased experimental and theoretical precision might point towards
some effects beyond the SM.
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3. Indirect searches for BSM effects: numerous rare decays like
By, — putpu,B— Xyy,By — K*utp~, ... were measured with branch-
ing fractions as low as 3 - 107°. Together with precise results for B-
mixing this provides an amazing success of the SM.

Nevertheless first discrepancies between experiment and the SM expecta-
tions start to show up in view of the improved experimental and theoret-
ical precision. Besides the longstanding puzzle of inclusive vs. exclusive
semi-leptonic B-decyas we are abserving for quite some time now the
so-called Flavour anomalies: deviations of experiment and theory in

e Semi-leptonic b — sup transitions - branching ratios, angular ob-
servables in By — K*u*tp—,...

o Lepton Flavour universality violation in semi-leptonic loop level
decays, like Ry .

e Lepton Flavour universality violation in semi-leptonic tree level
decays, like Rp.

Combined fits of the b — suu transitions show deviations larger than
siz standard deviations!

4. Understanding of QCD: the lifetimes of the B-mesons and b-baryons
were measured with a high precision. Since the lifetime is one of the
fundamental properties of a particle, it is very desirable to understand
this quantities theoretically. Moreover, lifetimes are expected to be only
marginally affected by new physics contributions, thus they present a
very clean test of our theoretical tools to describe heavy hadron de-
cays, in particular the expansion in inverse powers of the heavy quark
mass. We will present below the state of the art in calculating lifetimes
of heavy hadrons, see [24] for a review. Of particular interest was the
measurement of the decay rate difference in the neutral B, system, Al
by the LHCb collaboration from 2012 on, as well as newer results from
ATLAS and CMS. This measurement provided a strong confirmation
of the validity of the Heavy Quark Expansion.

Non-perturbative tools like lattice QCD, but also sum rules, have
been improved considerably and one has by now obtained an amazing
precision for some parameters, like decay constants or Bag parameter
describing B mixing.

Moreover, numerous hadronic decays like B — nm, Kw, KK, ... were
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measured, with branching fractions of the order of 107 and below.
These decay modes are an interesting testing ground for attempts,
like QCD factorisation, to describe the strong interaction effects in
hadronic decays, which is more complicated than lifetimes. For branch-
ing ratios these tools work very well, while there are still some unsettled
issues related to CP asymmetries.

In the following figure the current status (May 2020) of the determination of
the unitarity triangle is shown.
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The CKM mechanism is clearly giving the dominant contribution to quark
mixing, but first small discrepancies are starting to show up.
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3.5 Exercises

1. Number of created bb pairs
Draw Feynman diagrams for the following process

e ¢t — e~ — Y (= bb — resonances) — B + B

Use the following cross sections

o(pp — bb+X) = 284ub (7TeV) (83)
olpp — éc+ X) = 6100ub (7TeV) (84)
olee” — bb) = 1nb (BaBar, Belle) (85)

to calculate the number of bb pairs and cé pairs that were created at
LHCb (3 fb') and Belle (1 ab™!). Because of the huge backgrounds
LHCb can only detect about 1/6 of the produced bb pairs; how many
bb pairs were detected by LHCbh?
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4 Weak decays I - Basics

4.1 The Muon Decay

The muon decay p~ — v, e~ U, represents the most simple weak decay,
because there are no QCD effects involved.!® This process is given by the
following Feynman diagram.

Hence the total decay rate of the muon reads (see, e.g., [71] for an early

reference)
Grms, (me ) GEm),

192737 \m,, ) = 10273 4

Fu%l/lrl»eJrDe - (86)
Gr = g2/(4v/2M2,) denotes the Fermi constant and f the phase space factor
for one massive particle in the final state. It is given by

flz) = 1—82*+82% — 2® — 242" In(x) . (87)

The coefficient c3 ,, is introduced here to be consistent with our later notation.
The result in Eq.(86) is already very instructive, since we get now for the
measurable lifetime of the muon

1 19273
T==

F:m. (88)

Thus the lifetime of a weakly decaying particle is proportional to the inverse
of the fifth power of the mass of the decaying particle. Using the measured

13This statements holds to a high accuracy. QCD effects arise for the first time at the
two loop order.
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values [9] for G = 1.1663787(6) - 107> GeV ™2 , m, = 0.510998928(11) MeV
and m,, = 0.1056583715(35) GeV we predict'* the lifetime of the muon to be

70 = 21877610 °s (89)
which is in excellent agreement with the measured value [9] of
TP = 2.1969811(22) - 10°s . (90)

The remaining tiny difference (the prediction is about 0.4% smaller than the
experimental value) is due to higher order electro-weak corrections. These
corrections are crucial for a high precision determination of the Fermi con-
stant. The dominant contribution is given by the 1-loop QED correction,
calculated already in the 1950s [72, 73]

Csp=f (2) [1 + %2 (24—5 - 7T2):| . (91)

Taking this effect into account (o = 1/137.035999074(44) [9]) we predict

Tt = 219699 - 10 °s ©2)

which is almost identical to the measured value given in Eq.(90). The com-
plete 2-loop QED corrections have been determined in [74], a review of loop-
corrections to the muon decay is given in [75] and two very recent higher
order calculations can be found in, e.g., [76, 77].

The phase space factor is almost negligible for the muon decay - it reads
f(me/my,) = 0.999813 = 1 — 0.000187051 - but it will turn out to be quite
sizable for a decay of a b-quark into a charm quark.

4.2 The tau decay

Moving to the tau lepton, we have now two leptonic decay channels as well
as decays into quarks:

e+ 1,

wot+

d+u

s+u

MThis is of course not really correct, because the measured muon lifetime was used

to determine the Fermi constant, but for pedagogical reasons we assume that the Fermi
constant is known from somewhere else.

T — Ur+
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Heavier quarks, like charm- or bottom-quarks cannot be created, because the
lightest meson containing such quarks (D° = cii; Mpo & 1.86 GeV) is heavier
than the tau lepton (m, = 1.77682(16) GeV). Thus the total decay rate of
the tau lepton reads

G2m> Me m My, m
I = oo [f( ) +f (J) + NelVaal' g <_’_d> +NCW“S|2g(
™ m; mr mr Mms m
G

1923 AT

The factor N, = 3 is a colour factor and g denotes a new phase space function,
when there are two massive particles in the final state. If we neglect the phase
space factors (f(m./m,) =1—7-10"7; f(m,/m,) =1—0.027;...) and if we
use V2, + V2 ~ 1, then we get ¢z, = 5 and thus the simple approximate

relation

5

Tr_ () L (94)
Tu mr/) 5

Using the experimental values for 7,, m, and m, we predict

rheo = 3.26707-107 % s | (95)

T

which is quite close to the experimental value of
7B = 2.906(1)- 107 s . (96)

Now the theory prediction is about 12% larger than the measured value. This
is mostly due to sizable QCD corrections, when there are quarks in the final
state - which was not possible in the muon decay. These QCD corrections are
currently calculated up to five loop accuracy [78], a review of higher order
corrections can be found in [79].
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Because of the pronounced and clean dependence on the strong coupling,
tau decays can also be used for precision determinations of as, see, e.g., the
review [80]. This example shows already, that a proper treatment of QCD
effects is mandatory for precision investigations of lifetimes. In the case of
meson decays this will even be more important.

4.3 Charm-quark decay

Before trying to investigate the complicated meson decays, let us look at the
decay of free ¢- and b-quarks. Later on we will show that the free quark
decay is the leading term in a systematic expansion in the inverse of the
heavy (decaying) quark mass - the Heavy Quark Expansion (HQE).

A charm quark can decay weakly into a strange- or a down-quark and a W-
boson, which then further decays either into leptons (semi-leptonic decay) or
into quarks (non-leptonic decay).

d,s

c = 192 g“/cs|263,c> (97)
with
Mg Me ms m mg M, M
C3c = g ( s ) +g <, #) + Nc’VudPh ( , T, d)
mMe Mg Me Mg Me Me Mg
Mg My M
+Nc‘vus|2h (_S’ U)_S)
mC mC mC
V. 2 Mg Me mg m Mg My M
+ d {g <_d7 ) +g <_d7 M) +N0|Vud|2h (_d7 7_d)
Vs Me M Me M Me Me M
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h denotes a new phase space function, when there are three massive particles
in the final state. If we set all phase space factors to one (f(ms/m.) =
£(0.0935/1.471) = 1—-0.03, ... with m, = 93.5(2.5) MeV [9]) and use |V,,4|>+
[Vius|? & 1 & |Veg|* + |Vis|?, then we get ¢z, = 5, similar to the 7 decay. In
that case we predict a charm lifetime of

B 0.84 ps " et GeV (Pole-scheme) (99)
e = 1 170 ps © 7\ 1.277(26) GeV (M5 — scheme)

These predictions lie roughly in the ball-bark of the experimental numbers
for D-meson lifetimes, but at this stage some comments are appropriate:

e Predictions of the lifetimes of free quarks have a huge parametric de-
pendence on the definition of the quark mass (o mg) This is the rea-
son, why typically only lifetime ratios (the dominant mf; dependence as
well as CKM factors and some sub-leading non-perturbative corrections
cancel) are determined theoretically. We show in this introduction for
pedagogical reasons the numerical results of the theory predictions of
lifetimes and not only ratios. In our case the value obtained with the
MS — scheme for the charm quark mass is about a factor of 2 larger
than the one obtained with the pole-scheme. In LO-QCD the definition
of the quark mass is completely arbitrary and we have these huge un-
certainties. If we calculate everything consistently in NLO-QCD, the
treatment of the quark masses has to be defined within the calculation,
leading to a considerably weaker dependence of the final result on the
quark mass definition.

Bigi, Shifman, Uraltsev and Vainshtein have shown in 1994 [81] that
the pole mass scheme is always affected by infra-red renormalons, see
also the paper of Beneke and Braun [82] that appeared on the same
day on the arXiv and the review in this issue [83]. Thus short-distance
definitions of the quark mass, like the MS-mass [10] seem to be better
suited than the pole mass. More recent suggestions for quark mass
concepts are the kinetic mass from Bigi, Shifman, Uraltsev and Vain-
shtein [84, 85] introduced in 1994, the potential subtracted mass from
Beneke [86] and the Y(1s)-scheme from Hoang, Ligeti and Manohar
[87, 88], both introduced in 1998. In [22] we compared the above quark
mass schemes for inclusive non-leptonic decay rates and found similar
numerical results for the different short distance masses. Thus we rely
in this review - for simplicity - on predictions based on the MS-mass
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scheme and we discard the pole mass, even if we give several times
predictions based on this mass scheme for comparison.

Concerning the concrete numerical values for the quark masses we also
take the same numbers as in [22]. In that work relations between dif-
ferent quark mass schemes were strictly used at NLO-QCD accuracy
(higher terms were discarded), therefore the numbers differ slightly
from the PDG [9]-values, which would result in

B 0.44 ps for m. — 1.67(7)  GeV (Pole-scheme)
oo = Urrips P T O\ 1.275(25) GeV (MS—schem}

Since our final lifetime predictions are only known up to NLO accuracy
and we expand every expression consistently up to order oy, we will
stay with the parameters used in [22].

Taking only the decay of the c-quark into account, one obtains the
same lifetimes for all charm-mesons, which is clearly a very bad ap-
proximation, taking the large spread of lifetimes of different D-mesons
into account. Below we will see that in the case of charmed mesons a
very sizable contribution comes from non-spectator effects where also
the valence quark of the D-meson is involved in the decay.

Perturbative QCD corrections will turn out to be very important, be-
cause a,(m,) is quite large.

In the above expressions we neglected, e.g., annihilation decays like
Dt — 1™y, which have very small branching ratios [9] (the cor-
responding Feynman diagrams have the same topology as the decay
B~ — 77 ,, that was mentioned earlier). In the case of D meson the
branching ratio into 77 v, will, however, be sizable [9] and has to be
taken into account.

Br(Df — 7t v,) = (543+0.31)% . (101)

In the framework of the HQE the non-spectator effects will turn out to be
suppressed by 1/m, and since m, is not very large, the suppression is also
not expected to be very pronounced. This will change in the case of B-
mesons. Because of the larger value of the b-quark mass, one expects a
better description of the meson decay in terms of the simple b-quark decay.
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4.4 Bottom-quark decay

Calculating the total inclusive decay rate of a b-quark we get

G
19273

Iy V| *esp (102)

_|_

(103)

In this formula penguin induced decays have been neglected, they will en-
hance the decay rate by several per cent, see [22]. More important will,
however, be the QCD corrections. To proceed further we can neglect the
masses of all final state particles, except for the charm-quark and for the tau
lepton. In addition we can neglect the contributions proportional to |V,|*
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since |Vip/Vep|? = 0.01. Using further [Vi4|? + |Vis|? = 1 = |Vog|? + [Ves|?, we
get the following simplified formula

me me My Me M
B N 0 R iy FE Lo gy
mp my My my My
If we have charm quarks in the final states, then the phase space functions

show a huge dependence on the numerical value of the charm quark mass
(values taken from [22])

. 0.484 mPoe = 1471 GeV, mP  =4650 GeV

(—C>: 0.518  for{ m.(m.) =1.277 GeV, my(my) = 4.248 GeV

% 0.666 me(my) = 0.997 GeV, my(iny) =4.248 GeV
(105)

The big spread in the values for the space functions clearly shows again
that the definition of the quark mass is a critical issue for a precise deter-
mination of lifetimes. The value for the pole quark mass is only shown to
visualise the strong mass dependence. As discussed above short-distance
masses like the MS-mass are theoretically better suited. Later on we will
argue further for using m.(m;) and m,(my) - so both masses at the scale
my -, which was suggested in [89], in order to sum up large logarithms of
the form a”(m./my)*log"(m./my)?* to all orders. Thus only the result using
me(my) and my(my) should be considered as the theory prediction, while the
additional numbers are just given for completeness.

The phase space function for two identical particles in the final states reads
(90, 91, 92, 93] (see [94] for the general case of two different masses; the
phase space function with three different non-vanishing masses is derived in
the diploma thesis of Fabian Krinner and part of it is shown in [22])

14+ v1—4x?

1—+/1—422’
(106)
with = = m./my,. Thus we get in total for all the phase space contributions

g(x) = V1 — 422 (1 — 1422 — 224 — 12x6) + 24z (1 — x4) log

9 me. = 0,
2.97 mbele mbole

Csb =1 395 1O e (1Me ), Ty (17 (107)
4.66 me(my), my(1my)
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The phase space effects are now quite dramatic. For the total b-quark lifetime
we predict (with Vi, = 0.041511550%5% from [17], for similar results see [18].)

Ty, = 2.60 ps for mc<mb), mb(mb) . (108)

This number is about 70% larger than the experimental number for the B-
meson lifetimes. There are in principle two sources for that discrepancy: first
we neglected several CKM-suppressed decays, which are however not phase
space suppressed as well as penguin decays. An inclusion of these decays
will enhance the total decay rate roughly by about 10% and thus reduce the
lifetime prediction by about 10%. Second, there are large QCD effects, that
will be discussed in the next subsection; including them will bring our theory
prediction very close to the experimental number. For completeness we show
also the lifetime predictions, for different (theoretically less motivated) values
of the quark masses.

0.90 ps me = 0’ mbPole
o 1.42 ps me =0, (1)
=N 250ps 0T\ Pl ppPole (109)
3.72ps Me(me), my(ms)

By accident a neglect of the charm quark mass can lead to predictions that
are very close to experiment. As argued above, only the value in Eq.(108)
should be considered as the theory prediction for the b-quark lifetime and not
the ones in Eq.(109). Next we introduce the missing, but necessary concepts
for making reliable predictions for the lifetimes of heavy hadrons.
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4.5 Exercises

1. Exercise Sheet 3: Muon decay

Consider the weak decay of a muon within the standard model

p(P) = e (p1) + Ve(p2) + vu(ps) -

P, p1, p2 and p3 denote the four-momenta of the corresponding parti-
cles.
The differential decay rate of the muon is then given by

i 1 d’py d&’py dps 5@
2F (27T)5 2E1 2E2 2E3

1 1 —
_ Ry N7 (110)

25 (21)°

I =

(1 +p2+p3s—P) ’M|2

‘ 2

with the matrix element M and the invariant phase space Rs.

(a) By using the Feynman rules, show that the spin-averaged square
of the matrix element can be written as

V)" = 64G%(P - pa)(p1 - ps)

with G denoting the Fermi constant.

(b) Show that the invariant phase space R3 can be written in the rest
frame of the muon, P = (m,,0,0,0), as

= s
Rg = 7T2 / dEl / dEg
0 %_El

(c) Show also that ‘M‘Q reads in this system
[M|* = 64G%m,, By EyEs(1 — cos6) ,

where 6 denotes the angle between the electron and the muon
neutrino.
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(d) Combine your results to get the following expression for the dif-
ferential decay rate
ar  Gim?

dv 967r3u 2*(3 —21),

with © = 2E, /m,,.

(e) Determine the total decay rate. What information can you extract
from a measurement of dI'/dz and I'?
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5 Weak decays II - The effective Hamiltonian

5.1 Motivation

Weak decays are dominantly triggered by the exchange of heavy W-bosons.
The decay b — ¢+ W™ — ¢+ u + d is described by the following Feynman

diagram.
C
b /

A 4

Neglecting the masses of the final state quarks, then two quite different scales
arise in this decay: the mass of the W-boson (=~ 80 GeV) and the mass of the
b-quark (=~ 5 GeV). Since the strong coupling is sizeable at the b quark scale,
as(my) &= 0.2 perturbative QCD corrections are expected to be important. 1-
loop diagrams will give a, corrections, 2-loop diagrams a? ~ 0.04 corrections,
and so on. Calculating the 1-loop QCD corrections

TE

one finds, however, that besides terms of order «ay, one gets also big loga-
rithms of the form a,In (m2/M3,). As a net result we do not get a Taylor
expansion in ay but an expansion in «,ln (mi/M3,) ~ 6as which clearly
spoils our perturbative approach.
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The solution of this problem will be the introduction of the effective Hamil-
tonian, which is described in detail below. The basic idea is to derive an
effective theory that is valid at scale m;. In this effective theory the heavy
W-boson (my > my), that triggers the weak decay, is integrated out by
performing an operator product expansion (OPE I), see, e.g., [95] for a nice
introduction, as well as [96, 97, 98]. Schematically this integrating out, can
be described by contracting the W-propagator on the L.h.s. to a point and
the whole diagram is then reduced to a local 4-quark operator.

b c
V
A%% _—
/4{%K§5\
u d
RIS A
c—=~A*(1 — ~v5)b d (1 —v5)u
Vo 7L = )b g 2 s Vull = 15)
2
g 1 * — 7
= Heff(.r) = (2\;§> M—z‘/cbvudc’y'u(l — ’}/5)b . dr}/ﬂ(l — ’}/5)“
w
G
= —FVCKMCQQQ (111)

V2

In the WW-propagator we have neglected k% in comparison to Mg, - corrections
to that approximation are of the order of k/M{, ~ mi/Mj, ~ 3.6 -1073. 1°

Q2 = (Cau(l=75)ba) - (dg7"(1 = 5)us)
= (Caba)y_4- (dﬁuﬁ)v—A , (112)

where o and 8 denote colour indices. Note that this operator is a colour-

15In coordinate space we get for the Fourier transformation of the W-propagator in
this approximation, just a delta function with the difference of the coordinates of the two
arising quark currents. Thus our approximation makes the operator local.
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singlett operator. Defining further the Fermi constant G as

1
GeV?

95
Gp=—2
SVWGIVE

= 1.1663787(6) - 10~° (113)

one arrives at the Fermi-theory of the weak interaction. Note that so far
the Wilson coefficient Cy = 1.
Including QCD corrections we will find:

e The value of Cy = 1+ O(ay) will deviate from one and it will depend
on the renormalisation scale p. For b and c-decays its value will be
slightly larger than one.

e A new colour rearranged operator (), will arise.

Qi(z) = (Cabp)y_4 - (Jﬁua)v_A , (114)

The value of C; = O(as) is negative for b and c-decays and of the order
of —20% for b-decays. The effective Hamiltonian for tree-level decays
reads thus

Gr

Hepr(x) = EVCKM[Cl(M)Ql(w)+C2(M>Q2(3?)]- (115)

e In the standard model large logarithms arise, when one includes vir-
tual corrections due to the strong interaction, which are not negligible.
In the end one will not have an expansion in the strong coupling a
(as(my) ~ 0.2) but an expansion in In(my,/My)?*as =~ 1.2. So the con-
vergence of the expansion is not ensured. The general structure of the
perturbative expansion reads

| [LL  [NLL [NNLO|[NNNLO |

Tree 1 — — —

1-loop || asln |« — —
> > 116
2-Loop | a? In” alln | a? — (116)

3103 [ 312 | a3
3-loop || In” jaiIn” [alln |«

Calculating within the standard model corresponds to calculate line
by line. Calculating within the framework of the effective Hamiltonian
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corresponds to calculate column by column and summing up the
large logarithms to all orders.'® An example for such a summation
is given by the solution of the renormalisation group equations for the
strong coupling, which is discussed in detail in the appendix.

e In the decay of a meson besides perturbatively calculable short-distance
(SD) QCD effects (e.g. the scale My, ) also long-distance (LD) strong in-
teraction effect arise (e.g. the scale Agep), these are of non-perturbative
origin. The effective Hamiltonian allows a well-defined separation of
scales. The high energy physics is described by the Wilson coefficients,
they can be calculated in perturbation theory. The low energy physics
is described by the matrix elements of the operators (1, .., Q. Here one
needs non-perturbative methods like lattice QCD or sum rules. The
renormalisation scale p acts as the separation scale.

e (Calculations within the framework of the effective Hamiltonian are
technically simpler, because fewer propagators appear in the formu-
lae.

This is the reason why we are not simply using the full SM to calculate heavy
hadrons decay, but the effective Hamiltonian.

Historic remark: The effective Hamiltonian in Eq.(181) was already ob-
tained in 1974 in LL-QCD [99], a nice review of the NLL-results is given in
[96]. Currently also NNLL results are available [100]. For the LO Wilson
coefficients 1-loop diagrams have to be calculated, for NLO 2-loop diagrams
and for NNLO 3-loop diagrams:

I6LL = leading logarithmic approximation, NLL = next-to-leading logarithmic approx-
imation,...
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L DG

NNLO

5.2 The effective Hamiltonian in LL-approximation
In the following we describe the derivation of the LO effective Hamiltonian.
We closely follow the Les Houches Lectures of Andrzej Buras [95].

5.2.1 Basics - Feynman rules

We are using the following set of Feynman rules (corresponding to Buras and
Itzykson-Zuber; but different from e.g. Muta).

)

. g
1 BOOO0000000 b i

: : 5 P
7 > J 0 2—m?
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1gy" (Ta)ij

v ff —ienuQy (117)
n .92
Z —_— — 11
R QW%(W s ) (118)
7 . 92
W — td (1 —~5)V, 119
22\/57,11( 75> td ( )

p denotes the momentum of the propagating particle, its direction is from
the left to the right. The indices 7, j denote colour (7,5 = 1,2, 3), the indices
a,b,c denote the different gluons (a,b,c = 1,...,8) and u,v and p are the
usual Dirac indices. g is the strong coupling and the Ts in the quark gluon
vertex are the SU(3) matrices.

Compared to QED we have some completely new contributions. Because
of SU(3) being a non-abelian group we get new contributions in the field
strength tensor when constructing a SU(3) gauge theory. This new contri-
bution results in a self-interaction of the gluon; we get the following new
fundamental vertices:
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3-gluon-vertex

qv

k —
[ @

P\

v, b

gf* [g" (k= )’ + 9" (p — Q)" + 9™ (¢ — k)"]

4-gluon vertex

My @ V,b

P, C 74 O',d

(120)



—Zg2 [fabefcde (gupgua' o g;w'gup) 4 facefbde (guugpa . guogup) 4 fadefbce (guugpa o gupgua)}
(121)
with the antisymmetric SU(3) structure constants f.
When trying to quantise a non-abelian gauge field theory the freedom of
choosing arbitrary gauges results in problems which can be circumvented by
choosing a particular gauge. Part of the term in the Lagrangian, which fixes
the gauge can be rewritten in a form that corresponds to virtual particles,
the so-called Faddeev-Popov-ghosts [101]. These particles have no physical
meaning, it is just a calculational trick to fix the gauge. Although being
spin-0 particles, their properties are governed by the Fermi-Dirac statistics.
The following Feynman rules hold for the ghost fields:

 sab 1
a==-=-=-===--- Po-mmm----- b _Z(Wp

1. TOBOOOW. —of

Note that we used a convention where vertices have upper Dirac indices and
the gluon propagator has lower Dirac indices. Finally we have Feynman rules
for virtual particle loops.

for each loop : /ﬁ (122)
(2m)t

fermion loop : —1 and Dirac-trace (123)

ghost loop : —1 (124)
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An additional rule for pure gauge loops is the symmetry factor 1/2.
Now we have all Feynman rules at hand which we need to perform pertur-
bative calculations.

5.2.2 The initial conditions

In order to determine the Wilson coefficients C; and Cy at the scale My
(initial condition), we calculate the tree level decay b — cud both in the SM
and in the effective theory, where C o(My ) appear as unknown parameter.
Equating the two results will give an expression for the Wilson coefficients.

e SM amplitude:
At 1 loop the following diagrams (and their symmetric counterparts).
are contributing

Calculating them (under the assumption m; = 0;p? < 0), we get the
full amplitude

Gr N ag (1 ,u2
A;Ou)u = ﬁvcb ud [(1 +2Cy— (E +1In _—p2)> (Q2)tree

+——=-—n ? <Q2>tree

a, . M2

W
—3E ln _—p2<Q1>tree:| . (125)

Remarks:
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— ) denotes the unrenormalised amplitude. The singularities could
be removed by quark field renormalisation; but they will cancel
anyway in the determination of the Wilson coefficients.

— v is an unphysical renormalisaton scale, which had to be intro-
duced because of dimensional reasons when doing dimensional reg-
ularisation. In principle it can be chosen arbitrarily, in practice
it will be chosen in such a way to not produce artificially large
logarithms.

— Now two operators appear

Q2 = (Caba)v_a(dgug)y_a, (126)
Q1 = (Cabg)v—a(dpug)v—a - (127)

Without QCD only the operator ), arises. Taking colour effects
into accounts and using in particular

1

T T = ———
aft s IN

1
OapOys + 50as045 , (128)

the second operator (), arises. Finally we have the colour factor

_ N2-1 _ 4
Cf— 2N T 3"

— Choosing all external momenta to be equal and all quark masses to
be zero, does not change the final result for the Wilson coefficients,
but it considerably simplifies the calculation.

— Constant terms of O(a;) have been discarded, while logarithmic
terms have been kept; this corresponds to the leading log approx-
imation.

— “Amplitude” in the above sense is an amputated Greens function
(i.e. multiplied by i). Gluonic self energy corrections are not
included.

e Effective theory contribution:
In the effective theory we study the 1-loop corrections to the insertions
of the operators (); and @)s in the following Feynman diagrams.
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AN AL

Calculating all these diagrams (and the symmetric ones) we get the
QCD corrections to ()1 and () in the effective theory:

2
<Q1>(O) = (1 + QOfZTSF <1 + In M_p)) <Q1>tree

3a, (1 2
+= <_ + 1Il a 2) <Q1>t7‘ee
€ —p

N 4n
a, (1 >
_BE (6 -+ In —p> <Q2>tr&e s (129)
<Q2>(0) = <1 + QOf <1 + hl ILL_Z)) <Q2>tree
4m p?
3as (1
+NZ_7T <_ + 2) <Q2>tree

S .

Remarks:

— Now we have additional divergencies; our effective theory is actu-

ally non-renormalisable. Working to finite order in perturbation
theory we can, however, renormalise it with additional renormal-
isation constants, which we are introducing now.
The first divergencies in the above expressions cancel in the match-
ing; alternatively one could do a field renormalisation. The new
divergencies appearing in the second and third line require an ad-
ditional renormalisation, the operator renormalisation:

Q" = 2;Q; . (131)
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Eij is a 2 X 2 matrix.
For the amputated Greens functions we get

Q) =2°2;(Q,) . (132)

The quark field renormalisation Z; removes the first divergence
and the operator renormalisation Z;; removes the second diver-
gencies. We directly can read off the operator renormalisation

matrix . ,
> As N -3
Z =1+ "= N ) 1
+47T€(—3 %) (133)
Thus we get for the renormalised operators
ag . P
<Q1> - (]— + 20]”@ In —) <Q1>tree (134)
3as., as . p?
+N4_ 1 _—p2<Q1>tree - BE In _—p2<Q2>tree )
2
(Q2) = (1 + 2Cf—1 —) (Q2)tree (135)
+i%1n 2(Q2) 370 I <Q )
N4 2/tree — 4 1/tree -

5.2.3 Matching:

Finally we do the matching of our calculations with the standard model
and the effective theory
Grp .
Apun = Acpr = —=Va Vg [C1{Q1) + C2(Q2)] - (136)
V2
Comparing our results for Ag,; with the ones for (Q12) - be aware to treat
the divergencies in the same manner in the full and the effective theory! -
we obtain the Wilson coefficients

ag(p) My,
i = 0-3% F i (137)
3 ag(p), Mg
= 14+ =2 In —% 1
02 + N 4r n ;ﬂ ( 38)

Remarks:
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e Switching off QCD, i.e. setting the strong coupling to zero, we get
Cy =1 and C = 0, as expected.

e A different look to the renormalisation:
Renormalisation can also be done with the usual counter term method.
We start with the effective Hamiltonian and consider the Wilson coeffi-
cients to be coupling constants. Fields and couplings are renormalised
according to

g0 = 7117, c® = Z5C; (139)
Inserting this in the effective Hamiltonian we get
Gr (0) ). 1,/(0
H., = —VexuC; " Q; [q( )]
Ir \/‘
Gr

= \/§VCKMZC Cj Z2Qi[Q]
Grp .
= \/—VCKM {C Qz (Z”ZS ij) CjQi[Q]} . (140)
In the first term of the last expression everything is expressed in terms
of renormalised couplings and renormalised quark fields, the second
term is the counter term.
Using this we get for the renormalised effective amplitude

G
Acpp = \/P:VCKMZUZqC<Qi[Q]>
GF A
= %VCKMZU 2CHQH (141)

On the other hand we can use also our operator renormalisation to get

G
Aerp = TSVCKMC (Qj)

G
= fVCKMC 2227 1Qn) . (142)

Comparing the two expressions we get

Zi =7 (143)
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Operator Mixing:

We have seen that the operators )1 and () mix under renormalisation,
i.e. Z is a non-diagonal matrix. That means the renormalisation of Q,
requires a counter term proportional to ()3 and one proportional to ().
We can diagonalise the ()1 — Q5 system via

+
Q. = 229 (144)
C:t - CQ :|: Cl . (145)
The we get for the renormalisation
0= z,Q. (146)
with . Nl
Qs +
Zy=14+4—-(F3—— ) . 147
* + 47 € (q: N ) (147)
Now the amplitude reads
G )
A= 7%‘/01) o (C(){(Q (1)) + C-(1)(Q-(1))) (148)
with
2
Qg i
<Qi(:u)> = (1 + ZCFE In _—]72> Qi,tree
3 T
+ <N + 3) E ln _—pQQi,tree ) (149)
3 a, . M?
= 1+ (= —In—2X 1
Ca) = 1+ (5 ¥3) i (150)

Now both Wilson coefficients have the value 1 without QCD.

Factorisation of SD and LD:
We just have seen one of the most important features of the OPE, the
separation of SD and LD contributions:

M2 M2 2
<1+asGln —Vg) = (1+%G1n —gV) (1+asc:1n”—2) . (151)
-P H -P

The large logarithm at the Lh.s. arises in the full theory, the first term
on the r.h.s. corresponds to the Wilson coefficient and the second term
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to the matrix element of the operator.
The splitting of the logarithm

M2 M2 2
In mgzln gv+ln M2 (152)
—-Pp K —-p
corresponds to a splitting of the momentum integration in the following
form
dk2 dk2 de
/ . (153)

This means the matrix elements contains the low scale physics ([—p?, ©?])
and the Wilson coefficients contains the high scale physics ([u?, M3/]).
The renormalisation scale p acts as a separation scale between SD and
LD.

e [R divergencies cancel in the matching, if they are properly renor-
malised.

5.2.4 The renormalisation group evolution

We just obtained the following result

2
Ci(p) = 1+ <;\)} + 3) 4(:) In ]\Z—Q (154)
At a scale of 1 = 4.248 this gives C_(4.248 GeV) = 1 + 0.397921, which is
already a very sizable correction and at lower scales these corrections will
exceed one and the perturbative approach breaks down.

Within the framework of the renormalisation group we will be able to sum
up these logarithms to all orders.

Remember (or have a look in the appendix): For the running cou-
pling we obtained

as(Myz)
e ()

I

as(p) = (155)

with fy = (11N — 2f)/3. Expanding the above formula we get
J(M M\ "
1+Z (600‘ z), (72» ] L (156)
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which shows that the renormalisation group sums up the large logs
automatically to all orders.

Now we apply the same framework to the effective Hamiltonian. The starting
point is the fact that the unrenormalised quantities do not depend on the
renormalisation scale and the relation between renormalised and unrenor-
malised quantities:

QY =7.Qs = Oy = 2.0 . (157)
From that we get
dCi(p) dZi(:u)C(O)
= oL
dlnp dlnp
1 dZy(p) (0)
= ———=7Z.C
Zy dlnp £
= ’ini s (158)

with the anomalous dimension

_ 1 dZy(p)
T+ = o
Zy dlnp
1 dZy(p) dg
= — : 1
Zy dg dlnp (159)

dg/d1In p is simply the running of the strong coupling. There the following
formula holds

dg — e — 9_3 5
1 1 = g — Po (47T)2 + (’)(g ) , (160)

with Sy = (11N — 2f)/3. Using in addition

A/ NFI1
Zy = 1+ 22 <¢3i)

41 € N
1 [ 1 (0)
= 1—=-—= 161
2 47‘(‘ €7i ) ( )
with NT1
O _ 462 T 162
{ h (162)



we get for the anomalous dimension

1 dZy(p) dg
Zy dg dlnp

T =

10451 (0)
= 14+ -——= .
( +247T67i ) <

2

AN ORCTING
(4m)2 "= T ap E

(163)

_% (4%5)2%75? )) ' <‘€9 1 (497:)2) (164)

(165)

Now we can solve the differential equation for the p-evolution of the Wilson

coefficients

dCq (1)
dln
dCy(p) dg

dg dlnp

dCy (1)

—ay )

dCy (1)
Ce(p)

/ dCy (1)
Ci(p)

Ce(p)

Y+(9)Cx(p)
Y+(9)Cx ()

Y+(9)Cx ()

7+(9)
B(g)

g(p)
’Yi(g)

B(g) %

9(ko)

g(p)
%:(9) d

B(g) 7"

g(p)

C:I: (Mo)eg(uo)

g(no)

74 (9)
B(g) d

(166)

This is the formal solution of the renormalisation group evolution of the
Wilson coefficient. Now we insert our LO results for § and v and write down
an analytic formula the Wilson coefficients.

1. Step 1:

Y+(g) _

as (0
gvi) B lvf)

Blg)

—ﬁoﬁ g ﬁO .
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2. Step 2:

g(p) ) g(p) )

/Vi(g)dg:_k / Log =~y 9(n)

5(9) Bo g Bo Q(Mo)
9(1o) 9(ko)
3. Step 3:
() v+ (9) _ﬁ _ﬁ
eg@fo) w9 {g(u)} o _ [as(u)} o
9(po) as(fo)

So now we arrived at our final formula for scale dependence of C and Cj:

O

Celw) = [f((ﬁ?)]_% Cati)
O
- el [”(%3)%1“%}' (167)

This is the general result for the Wilson coefficients C...

5.2.5 Discussion of the result

So far we have derived the effective Hamiltonian

Gr

Hepp(z) = EVCKM [Cr(1)Q1(x) + Co(p)Qa()] (168)
Ci(p) = Co(p) £Ci(p), (169)
RO
as(p) 1™ 2P0 3 as . Mg
i) Tl (R enlE] o
Remarks:

e The first term in Eq.(170) sums up potentially large logarithms due
to the different scales p and pp; the second term gives the fixed order
perturbation theory calculation for the initial condition.
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Expanding in powers of a,(f) one gets

Ci(p) =1+ %4(:0) ( _Z ) IH% . (171)

This almost looks like the initial condition alone, except that we now
have the strong coupling at the scale pg instead of p.

By expanding explicitly in powers of a; we ”destroy” the summing of
the logarithms.

To make full use of the RGE we take g = My, then the have a small
logarithm (here: exactly zero) in the initial condition and the large
logarithms In M2,/ p? are summed up within the RGE:

Q)

[ as(p) |
i = ] T 172)
For f =5 we get finally at the scale py
Cutia) = | 2] = [T

or

= S (] ] ) o

Programming the above formulae and using a; = 0.1184 one obtains
the following numerical values:

,(4.248) = 0.212573, (176)

C4(4.248) = 0.862544 , Initial condition: C (4.248) = 0.815(667)
C_(4.248) = 1.34412, Initial condition: C_(4.248) = 1.3696I/78)
C1(4.248) = —0.240787 | (179)
C(4.248) = 1.10333 . (180)



e The unphysical renormalisation dependence () cancels up to the cal-
culated order in perturbation theory between the Wilson coefficients
and matrix elements of the 4-quark operators.

e The theoretical error due to missing higher order corrections is thus
estimated via a variation of the renormalisation scale; it became con-
vention to use the following range:

%<,u<2mb.

e Threshold effects have to be taken into account, when we pass with the
renormalisation group evolution the b-quark or c-quark mass scale.

5.3 The effective Hamiltonian in NLO and NNLO-QCD

Why should we bother about calculating higher orders? (2-loops or even
3-loops)

e Renormalisation scale is often the dominant uncertainty - this can be
reduced by including higher order corrections.

e For some decays, NLO-effect can be the dominant effect.

5.4 Penguins and friends

So far we have only considered tree-level decays, but there are also loop-
induced decays, like penguins.
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Here again, all the heavy particles - now in addtion to the W, also the Z
and the top-quark can appear - will be integrated out and one arrives at new
operators, like the QCD-penguin operators (03 ¢

SQCD ?e,\,:&ux\« o\‘beA,Oth\/S

which contribute e.g. to the decays b — cc¢s, where they give sizeable cor-
rections. In decays like b — uus they can even dominate. Electro-weak
penguin operators (here the gluon is replaced by a photon or a Z-boson)
are denoted by Q7. 10;

Electe -Leall ee,gﬁu\\/\ oeeA,thov&

ERAE

L Nl St

R z—:"\gak v-a

and they give typically tiny corrections. One prominent place there they give
the dominant contribution is the direct CP violation in the Kaon system,
denoted as ¢ /e. Magnetic penguin operators

Nl ?:So&.l"‘lQ, PeAAAMA okbe/\,ojtovs
S

(S heLts X =
v ®'¥Y:_8_‘\\—‘- W\-\ogoge‘h (\'\'\&E) \aog\‘b\/

® Qa: _82—\?1— W 5«6‘5\' ( \+\&cﬂ“\o ﬁi%"\’
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correspond to penguin diagrams there the photon )7, or the gluon is on-shell
Qsg), i.e. its four momentum squared is zero. ()7, is the leading contribution
to the decay b — s7v. Finally we have semi-leptonic penguin operators

Se»..:\\eg’towc »ee.\ﬁui\\m oe@voth\IS

() AV S

: . \ @3\1 b &é \O‘)\,—A (:4, M\\/

b+ 3 / Q= B9l ewn
\,\l
—+>—§—a—§——eh—
R R R

that are triggered either by penguin diagrams or by box diagrams. )10A gives
the main contribution to the decay By — pp, while in semi-leptonic decays
like B — K*utp~ also QgV contributes. Many times the same notation is
used for these operators as for the electro-weak penguins.

In the end we arrive at the general effective weak Hamiltonian.

Moy = S| 3 VG0 + Gl -V G0y | - (18
g=u,c >3

The Vs denote different combinations of CKM elements, the operators Qs, ..
denote all the different penguin operators discussed above. The values of
the numerically leading tree-level Wilson coefficients €} and C5 have been
determined above, the QCD penguin Wilson coefficients are below 5%, with
the exception of Cyg,, the coefficient of the chromomagnetic operator and
electro-weak penguins are even smaller.
Having the effective Hamiltonian at hand, we can now calculate different
processes - forgetting about the underlying weak structure of the SM - using
the Wilson coefficients as basic couplings of our theory and the four quark
operators as basic vertices.
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For a calculation of the rate I'(b — c¢s) we have to consider the follwoing
contributions:

The leading contribution is of course the tree-level insertion of the operator
()2, then we have smaller contributions from the tree-level insertion of )
and @3_g. We have also QCD corrections to our diagrams in the effective
theory. The dominant one will be a QCD-correction to tree-level insertion of
the operator Q. We also expect a sizeable contribution at this order from
the insertion of ()5 in a penguin diagram of the effective theory.

For a calculation of the rate I'(b — sutp™) we have to consider the follwoing
contributions:
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Here the leading contribution comes from the tree-level insertion of the op-
erators (g 19. Due to the very large Wilson coefficient, we expect, however,
sizable contributions from an insertion of the operator ()2 into a penguin
diagram of the effective theory. This are the so-called charm loops in the
discussion of the flavour anomalies.
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5.5 Exercises

1. Calculate the SM amplitude for the decay of b — cud. Include the
following QCD corrections.

2. Calculate the insertions of the operators (); and ); into the following
diagrams.

Useful formulas:

Operator definition:

Q2 = (Caba)v-a(dgug)yv_a (182)
Q1 = (Cabp)v-aldgta)v-a (183)
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Colour relation:

o a 1 1
TopThs = _ﬁdaﬁfsw + 55(15(%5 (184)

Fierz transformation:

[Yu(1 = 75)]043 X [y (1 = 75)]75 = — [yu(1 - 75>]a5 X [y (1 = 75>]7/3 (185)

Remember:

e There will be a “-” sign, if you exchange two spinors.

e All Feynmal rules were given in the lecture
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6 Weak decays III - Inclusive B-decays

6.1 Inclusive B-decays at LO-QCD

Now we can calculate the free quark decay starting from the effective Hamil-
tonian instead of the full standard model. If we again neglect penguins, we
get in leading logarithmic approximation the same structure as in Eq.(103)
and the coefficient c3 reads now:

gy P = T G S S ST
m me MM me m,
= [ s () g (e ) g (2 2.
myp my My mp My
(186)

Thus the inclusion of the effective Hamiltonian is equivalent with changing
the colour factor N, = 3 - stemming from QCD - into

No(p) = 3C3 () +3C3(w) +2C1 (1) Co(p) = 3.3 (LO, pu = 4.248 GeV) .
(187)

The dependence of N,(u) on the renormalisation scale p is shown in the
following graph:
501

A P B
20 2.5 30 35 40

T
15

This effect enhances the total decay rate by about 10% and thus brings down
(if also the sub-leading decays are included) the prediction for the lifetime of
the b-quark to about

mn ~ 210ps  for m.(my), mp(mp) . (188)
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6.2 By, and n. at NLO-QCD

Going to next-to-leading logarithmic accuracy we have to use the Wilson
coefficients of the effective Hamiltonian to NLO accuracy and we have to
determine one-loop QCD corrections within the effective theory. These NLO-
QCD corrections turned out to be very important for the inclusive b-quark
decays. For massless final state quarks the calculation was done in 1991 [102]:

4

_ s 25 31 4 7
Cg,b = C;(g QCD+8a— |:(— — 7T2> -+ 2 (012 + 022) (— — 7T2) — 50102 (Z —+ 7T2

(189)
The first QCD corrections in Eq.(189) stems from semi-leptonic decays. It
can be guessed from the correction to the muon decay in Eq.(91) by de-
composing the factor 8 in Eq.(189) as 8 = 3 - Cp - 2: 3 comes from the
three leptons e, u=, 77, Cp is a QCD colour factor and 2 belongs to the
correction in Eq.(91). The second and the third term in Eq.(189) stem from
non-leptonic decays.
It turned out, however, that effects of the charm quark mass are crucial, see,
e.g., the estimate in [103]. NLO-QCD corrections with full mass dependence
were determined for b — ¢/~ v already in 1983 [104], for b — cud in 1994
[105], for b — ccs in 1995 [106], for b — no charm in 1997 [23] and for b — sg
in 2000 [107, 108]. Since there were several misprints in [106]- leading to
IR divergent expressions -, the corresponding calculation was redone in [22]
and the numerical result was updated.!” With the results in [22] we predict
(using m.(my) and my(my))

9 (me=0=qy)
ey =1 5294035 (LO—QCD) . (190)
6.88+£0.74 (NLO — QCD)

Comparing this result with Eq.(107) one finds a huge phase space suppres-
sion, which reduces the value of C5; from 9 in the mass less case to about
4.7 when including charm quark mass effect. Switching on in addition QCD
effects c3p is enhanced back to a value of about 6.9. The LO b — ¢ tran-
sitions contribute about 70% to this value, the full NLO-QCD corrections
about 24% and the b — u and penguin contributions about 6% [22].

1"The authors of [106] left particle physics and it was not possible to obtain the correct
analytic expressions. The numerical results in [106] were, however, correct.
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For the total lifetime we predict thus
7, = (1.65 £ 0.24) ps, (191)

which is our final number for the lifetime of a free b-quark. This number is
now very close to the experimental numbers in Eq.(2.1), unfortunately the
uncertainty is still quite large. To reduce this, a calculation at the NNL order
would be necessary. Such an endeavour seems to be doable nowadays. The
dominant Wilson coefficients C; and Cy are known at NNLO accuracy [100]
and the two loop corrections in the effective theory have been determined
e.g. in [109, 110, 111, 112, 113, 114] for semi-leptonic decays and partly in
[115] for non-leptonic decays.

It is amusing to note, that a naive treatment with vanishing charm quark
masses and neglecting the sizable QCD-effects, see Eq.(108), yields by acci-
dent a similar result as in Eq.(191). The same holds also for the semi leptonic
branching ratio, where a naive treatment (m. =0 = «;) gives

I'(b — ce v,)

1
By=——" "~ —111%), 192
: I_‘tot 9 % ( )

while the full treatment (following [22]) gives
By =(11.6 £0.8)% . (193)
This number agrees well with recent measurements [9, 116]

Ba(By) = (10.33+£0.28)% ,
By(B") = (10.99+0.28)% , (194)
Bga(Bs) = (10.61£0.89)% .

96



6.3 Exercises

e (Calculate the decay rate for the process b tocud with the effective Hamil-
tonian.

e What diagrams will appear in addition if you are considering the decay
b toccs?
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7 The Heavy Quark Expansion

7.1 Calculation of inclusive decay rates

Now we are ready to derive the heavy quark expansion for inclusive decays.
The decay rate of the transition of a B-meson to an inclusive final state X can
be expressed as a phase space integral over the square of the matrix element
of the effective Hamiltonian sandwiched between the initial B-meson'® state
and the final state X. Summing over all final states X with the same quark
quantum numbers we obtain

M(B = X) = =3 [ 050 n - p) (XM B (195

If we consider, e.g., a decay into three particles, i.e. B — 1+ 2+ 3, then the
phase space integral reads

/Ps 1:[ [ zj fﬁE} (196)

and pxy = p1 + p2 + p3. With the help of the optical theorem the total decay
rate in Eq.(195) can be rewritten as

1

I'B— X)=—(B|T|B 1
(B~ X) = 5 (BITIB). (197)
with the transition operator
T —Tmi / 42T [y s (2)Heps (0)] . (198)

consisting of a non-local double insertion of the effective Hamiltonian.
This can be visualised via
vspacedcm

18The replacements one has to do when considering a D-meson decay are either trivial
or we explicitly comment on them.
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7.2 The expansion in inverse masses

A second operator-product-expansion, exploiting the large value of the b-
quark mass my, yields for T

Gtm;

7= 19273

Vol sl + 200G+ 328 G + .| (199
b b

and thus for the decay rate

GFmb| 2 [C (BIWIB) 50 (Blbgs0uw G BIB) | cos (Bl(ba)r(@b)r] B)
10273 V| o0, m2 2Mp m3 Mg

(200)
The individual contributions in Eq.(200) will be discussed in detail now.

ol

7.3 Leading term in the HQE

To get the first term of Eq.(200) we contracted all quark lines, except the
beauty-quark lines, in the product of the two effective Hamiltonians. This
leads to the following two-loop diagram on the l.h.s., where the circles with
the crosses denote the AB = l-operators from the effective Hamiltonian.

Y =
* -
k=
Y
Y
k=

Performing the loop integrations in this diagram we get the Wilson coefficient
csp that contains all the loop functions and the dimension-three operator bb,
which is denoted by the black square in the diagram on the r.h.s. . This has
been done already in Eq.(186), Eq.(189) and Eq.(190).

A crucial finding for the HQE was the fact, that the matrix element of the
dimension-three operator bb can also be expanded in the inverse of the b-
quark mass. According to the Heavy Quark Effective Theory (HQET) we
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t19

ge _
BB | R [
ANkl AT P SCRR, (e 201
2Mp 2m; + mi) "’ (201)
with the matrix element of the kinetic operator p2 and the matrix element
of the chromo-magnetic operator pZ, defined in the B-rest frame as®
2 (Bb(iD)?b| B) 1
= ———+ 0| — 202
lu’ﬂ' 2MB + mb Y ( )
) (B|b%0,,G"b|B) 1
o(—| . 203
I My + - (203)

With the above definitions for the non-perturbative matrix-elements the ex-
pression for the total decay rate in Eq.(200) becomes

G2m? 12— il 1
= % V2 1 2m G o=
19278 P omz O\

o, [f% Lo (1)} \ o (BB (@)elB) | ”(.%04)

The leading term in Eq.(204) describes simply the decay of a free quark.
Since here the spectator-quark (red) is not involved in the decay process
at all, this contribution will be the same for all different b-hadrons, thus
predicting the same lifetime for all b-hadrons.

The first corrections are already suppressed by two powers of the heavy b-
quark mass - we have no corrections of order 1/m;! This non-trivial result
explains, why our description in terms of the free b-quark decay was so close
to the experimental values of the lifetimes of B-mesons.

In the case of D-mesons the expansion parameter 1/m, is not small and the
higher order terms of the HQE will lead to sizable corrections. The leading
term c3 . for charm-quark decays gives at the scale p = My, for vanishing
quark mass c3. = 5. At the scale p = m.(m.) and realistic values of final

19We use here the conventional relativistic normalisation (B|B) = 2EV, where E de-
notes the energy of the meson and V' the space volume. In the original literature sometimes
different normalisations have been used, which can lead to confusion.

20We use here Oy = %[7;“ ~,]. In the original literature sometimes the notation icG :=
1Y,y G* was used, which differs by a factor of ¢ from our definition of o.
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states masses we get

5 (ms =0 = ay)
. = { 6204072 (LO-QCD) . (205)
11.61+ 1.55 (NLO — QCD)

Here we have a large QCD enhancement of more than a factor of two, while
phase space effects seem to be negligible.

The 1/mj-corrections in Eq.(204) have two sources: first the expansion in
Eq.(201) and the second one - denoted by the term proportional to ¢, - will
be discussed below.

Concerning the different 1/mj-corrections, indicated in Eq.(204), we will
see that the first two terms of the expansion in Eq.(200) are triggered by
a two-loop diagram, while the third term is given by a one-loop diagram.
This will motivate, why the 1/mg-corrections proportional to c3;, and csp,
can be neglected in comparison to the 1/mj-corrections proportional to cgp;
the former ones will, however, be important for precision determination of
semi-leptonic decay rates.

7.4 Second term of the HQE

To get the second term in Eq.(200) we couple in addition a gluon to the
vacuum. This is denoted by the diagram below, where a gluon is emitted
from one of the internal quarks of the two-loop diagram. Doing so, we obtain
the so-called chromo-magnetic operator BQSJMVG“D[), which already appeared
in the expansion in Eq.(201).

b b b

\
Y
Y
Y

Since this operator is of dimension five, the corresponding contribution is - as
seen before - suppressed by two powers of the heavy quark mass, compared
to the leading term. The corresponding Wilson coefficient c5 reads, e.g., for
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the semi-leptonic decay b — ce” 7,2 and the non-leptonic decays b — cud
and b — ccs

ceve Qg

C5,b = —(1—2)4 |:1—|—E} R (206)
i o

= =Vl (1= 2" [Naw) (1= 2) +8C1Co + =] (207)
g 1 1—4

5y = —IVCSIQ{Na(u) [M(l—%)(l—4z—622)+24z410g <11L\/\/£)]

180, {\/1 e (1 + % v 322> ~32(1 — 227 log Gf\/i Vi:ii)} v Z‘—; N } ,
(208)

with the quark mass ratio z = (m./m)?. For vanishing charm-quark masses
and V4 ~ 1 we get cg?bd = —3 at the scale y = My, which reduces in LO-
QCD to about —1.2 at the scale u = my,.

For the total decay rate we have to sum up all possible quark level-decays

U cup, % ud ¢
Csp = Cop  +Cyy Tyt Chp HCEp (209)

Neglecting penguin contributions we get numerically

[ =-9 (me =0= )
Cob = { 38403 (mu(me) au(my)) (210)

For ¢;5;, both QCD effects as well as phase space effects are quite pronounced.
The overall coefficient of the matrix element of the chromo-magnetic operator
pZ normalised to 2m; in Eq.(204) is given by ¢y + 4cs 5, which is sometimes
denoted as cg ;. For semi-leptonic decays like b — ce™ 1, it reads®

_ _ . 8 5
Can =5y Hday s = (=3) [1 — 3% +82% — 82° + §z4 + 42° ln(z)Jle)

For the sum of all inclusive decays we get

{ —27 = —3c3 (me =0 = ay)
Cap =

79~ —1.1cg (me(me),as(my)) (212)

2The result in Eq.(94) of the review [117] has an additional factor 6 in c£”.
22We differ here slightly from Eq.(7) of [118], who have a different sign in the coefficients
of 22 and 3. We agree, however, with the corresponding result in [94].
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leading to the following form of the total decay rate

G2 m5 MQ MZ C6.b <B|(Eq)p((ﬂ))r|3>
D= £ 7by2 S 7G4 760
10273 b |80 T By E T CGhy g T Mp "

(213)
Both 1/mj-corrections are reducing the decay rate and their overall coeffi-
cients are of similar size as c3;. To estimate more precisely the numerical
effect of the 1/m? corrections, we still need the values of p? and pZ. Current
values [119, 120] of these parameters read for the case of By and B*-mesons

p2(B) = (0.414+0.078) GeV? (214)
3
ps(B) =~ . (Mp. — M%) =~ (0.35 £ 0.07) GeV?. (215)

For B,-mesons only small differences compared to B; and BT-mesons are
predicted [121]

p2(By) — p2(Bg) =~ (0.08...0.10) GeV?* (216)
2
B,
“§< )~ 1074003, (217)
11¢;(Ba)

while sizable differences are expected [121] for A,-baryons.

p2(Ay) — 12 (By) =~ (0.140.1) GeV?, (218)
pe(hy) = 0. (219)

Inserting these values in Eq.(213) we find that the 1/mj-corrections are de-
creasing the decay rate slightly (m, = my(m,) = 4.248 GeV):

| | Ba | BY | B, | Ay |
—4% | —0.011 | —0.011] —0.014 [ -0.014 (220)
ch’:;jg —0.011 | —0.011 | —0.011| 0.00 ‘

The kinetic and the chromo-magnetic operator each reduce the decay rate by
about 1%, except for the case of the Ay-baryon, where the chromo-magnetic
operator vanishes. The 1/mZ-corrections exhibit now also a small sensitivity
to the spectator-quark. Different values for the lifetimes of b-hadrons can
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arise due to different values of the non-perturbative parameters pZ and p2,
the corresponding numerical effect will, however, be small.

L x: | B | B [ A |
ez Ba) 110,000 £ 0.000 | 0.002 £ 0.000 | 0.003+0.003 | (221)
b
ca 1O ne B0 10,000 + 0,000 | 0.000...0.001 | —0.011 % 0.003
> b

Thus we find that the 1/mj-corrections give no difference in the lifetimes
of B*- and Bg-mesons, they enhance the B,-lifetime by about 3 per mille,
compared to the By-lifetime and they reduce the Aj-lifetime by about 1%
compared to the By-lifetime.

To get an idea of the size of these corrections in the charm-system, we first
investigate the Wilson coefficient c;.

[ =-5 (me =0 = ay)
Core = { C1TH03 (il ,as(my)) (222)

At the scale = m, the non-leptonic contribution to c5 is getting smaller
than in the bottom case and it even changes sign. For the coefficient ¢ we
find

{ ~—15=—-3cs, (me =0= )
CG,ec =

4154148 = (0.37+ 0.13) es (1 () , s (my) (223)

We see for that for the charm case the overall coefficient of the chromo-
magnetic operator has now a positive sign and the relative size is less than in
the bottom case. For D’ and D™-mesons the value of the chromo-magnetic
operator reads

3
pa(D) =~ 0 (Mp. — M) ~ 0.41 GeV* | (224)
which is of similar size as in the B-system. Normalising this value to the

charm quark mass m. = m.(m.) = 1.277 GeV, we get however a bigger
contribution compared to the bottom case and also a different sign.

~ +0.05 ¢, . (225)
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Now the second order corrections are non-negligible, with a typical size of
about + 5% of the total decay rate. Concerning lifetime differences of D-
mesons, we find no visible effect due to the chromo-magnetic operator [122]

2 D+

% ~ 0.993, (226)
G

pe(DF)

D~ L0120.003. (227)

For the kinetic operator a sizable SU(3) flavour breaking was found by Bigi,
Mannel and Uraltsev [121]

W2(DF) = p2(D") ~ 0.1 GeV?, (228)
leading to an reduction of the D -lifetime of the order of 3% compared to
the D-lifetime

pz (DY) = pz (D)
2m?

~ 0.03. (229)

7.5 Third term of the HQE

The next term in Eq.(200) is obtained by only contracting two quark lines
in the product of the two effective Hamiltonian in Eq.(198). The b-quark
and the spectator quark of the considered hadron are not contracted. For
Bg-mesons (¢ = d) and Bs-mesons (¢ = s) we get the following so-called weak
annthilation diagram.

b b b b

q q
Performing the loop integration on the diagram on the lL.h.s. we get the
Wilson coefficient cg and dimension six four-quark operators (bq)r(gb)r, with
Dirac structures I'. The corresponding matrix elements of these AB = 0
operators are typically written as

(B|(bg)r(ab)r| B) = er [z MpBr | (230)
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with the bag parameter Br, the decay constant fp and a numerical factor cp
that contains some colour factors and sometimes also ratios of masses.

For the case of the BT-meson we get a similar diagram, with the only dif-
ference that now the external spectator-quark lines are crossed, this is the
so-called Pauli interference diagram.

b C b

There are two very interesting things to note. First this is now a one-
loop diagram. Although being suppressed by three powers of the b-quark
mass it is enhanced by a phase space factor of 1672 compared to the leading
two-loop diagrams. Second, now we are really sensitive to the flavour of the
spectator-quark, because in principle, each different spectator quark gives a
different contribution?. These observations are responsible for the fact that
lifetime differences in the system of heavy hadrons are almost entirely due
to the contribution of weak annihilation and Pauli interference diagrams.

In the case of the By meson four different four-quark operators arise

Q" = byu(1—5)q x ¥ (1 — 7s)b,
Qs = 53(1 —75)q X q(1 —75)b,
T = by, (1 —7)T" x gy (1 — 5)T,

Té = b(1—5)T% x q(1 — )T, (231)

with ¢ = d for the case of Bs-mesons. () denotes colour singlet operators and
T colour octet operators. For historic reasons the matrix elements of these

23This difference is, however, negligible, if one considers, e.g., B vs. By.
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operator are typically expressed as

(B4|Q% By) (B4 Q4| Ba)

T f2BiMg, | P fpBaMp, . (232)
By|T|B By|T¢|B
(Ba|T*|Ba) = fie,Msg, | (BdlT5|Ba) = fheaMp, . (233)
MBd MBd

The bag parameters B 5 are expected to be of order one in vacuum insertion
approximation, while the €; 5 vanish in that limit. We will discuss below sev-
eral estimates of B; and ¢;. Decay constants can be determined with lattice-
QCD, see, e.g., the reviews of FLAG [123] or with QCD sum rules, see, e.g.,
the recent determination in [124]. Later on, we will see, however, that the
Wilson coefficients of By and B, are affected by sizable numerical cancella-
tions, enhancing hence the relative contribution of the colour suppressed ¢;
and €. The corresponding Wilson coefficients of the four operators can be
written as

@ = 1672 [|[Vial* F* + [Vaa* F°]
5 = 1677 [[Vea? F2 + |V FS]
cﬁTd = 1672 [ Vud]2 G" + \VchQ GC] ,
g = 167° [|[Vial* G% + [Via|* G - (234)

F'? describes an internal ¢q loop in the above weak annihilation diagram. The
functions F' and G are typically split up in contributions proportional to C%,
0102 and 012
F* = CIFY + CiCoFYy + CoFyy (235)
Fg = ... (236)

Next, each of the Fz‘; can be expanded in the strong coupling

U as U
F o= Fijv<o>+EFijv<1>+..., (237)

Fi, = ... (238)

As an example we give the following LO results

Fi®=—s1-22(1+2), Fell =31-27(1+22), (239)
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A0 = —20-22 (1+7), Rl =20-22(1+22) , (240)

1 . 1
0= (-2 (1+3) . R =30-27(1+29) . 241)
G = -2 -2 (1+2) Gyl =20-27(1+22), (242)

with z = m?2/m?.
Putting everything together we arrive at the following expression for the
decay rate of a Bz-meson

GZmp 2 2 1672 f2Mp, _ 1 1672
FBd _ F b‘/'c% |:03 CSN—WQ +CG NG2 + fB By CﬁBd + O (_ _>:|
b

192 3 2m 2m? m3 2 omy
R V —0.01c3 — 0.01 —=—e i+ O —, —F
1927 3 |: €3 C3+ mg CG + m§> mé )
(243)
with
G = |Vual? (FUBy + F¥By + G + Gler)
Vel (F°By + F§Ba + Gy + Gea) (244)

The size of the third contribution in Eq.(243) is governed by size of ¢ and
its pre-factor. The pre-factor gives

2 £2
m ~ 0.395 ~ 0.05 ¢3 , (245)
my,
where we used fp, = (190.5 £ 4.2) MeV [123] for the decay constant. If
g is of order 1, we would expect corrections of the order of 5% to the total
decay rate, which are larger than the formally leading 1/mj-corrections. The
LO-QCD expression for 56]-3 4 can be written as

1
B = V(1 2) { (3012 +20,Cy + 503) (B2 = B)) + S (4B, - By)|

1oC? [(62 )+ %(462 - 61)} } . (246)

However, in Eq.(246) several cancellations are arising. In the first line there
is a strong cancellation among the bag parameters B; and Bs. In vacuum
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insertion approximation B; — Bs is zero and the next term proportional to
4By — By is suppressed by z ~ 0.055. Using the latest lattice determination
of these parameters [125] - dating back already to 2001! -

B, =1.1040.20, By =0.79+0.10, ¢ = —0.02%+0.02, e =0.03+0.01
(247)

one finds By — By € [0.01,0.61] and (4By — By)z/2 € [0.07,0.12], so the sec-
ond contribution is slightly suppressed compared to the first one. Moreover
there is an additional cancellation among the AB = 1 Wilson coefficients.
Without QCD the combination 3C% + 2C,C5 + %022 is equal to 1/3, in LO-
QCD this combination is reduced to about 0.05 & 0.05 at the scale of my
(varying the renormalisation scale between my,/2 and 2m;). Hence B; and
By give a contribution between 0 and 0.07 to EGB ¢ leading thus at most to
a correction of about 4 per mille to the total decay rate. This statement
depends, however, crucially on the numerical values of the bag parameters,
where we are lacking a state-of-the-art determination.

There is no corresponding cancellation in the coefficients related to the
colour-suppressed bag parameters €; o. According to [125] e;—¢; € [0.02,0.08],
leading to a correction of at most 1.0% to the decay rate. Relying on the
lattice determination in [125] we find that the colour-suppressed operators
can be numerical more important than the colour allowed operators and the
total decay rate of the By-meson can be enhanced by the weak annihilation
at most by about 1.4%. The status at NLO-QCD will be discussed below.
The Pauli interference contribution to the BT-decay rate gives

B = (1-2)?[(C?4+ 6010+ C2) By +6 (C2+ C2) e1] . (248)

The contribution of the colour-allowed operator is slightly suppressed by the
AB = 1 Wilson coefficients. Without QCD the bag parameter B; has a
pre-factor of one, which changes in LO-QCD to about -0.3. Taking again the
lattice values for the bag parameter from [125], we expect Pauli interference
contributions proportional to B; to be of the order of about —1.8% of the
total decay rate. In the coefficient of €; no cancellation is arising and we
expect (using again [125]) this contribution to be between 0 and —1.5% of
the total decay rate. All in all Pauli interference seems to reduce the total
BT-decay rate by about 1.8% to 3.3%. The status at NLO-QCD will again
be discussed below.
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In the charm system the pre-factor of the coefficient cg reads

167% f5Mp { 6.2~ 0.6c;3 for D° Dt

92~0.8¢;3 for Df (249)

m
where we used fpo = (209.243.3) MeV and f,+ = (248.34+2.7) MeV [123] for
the decay constants. Depending on the strength of the cancellation among
the AC' = 1 Wilson coefficients and the bag parameters, large corrections
seem to be possible now: In the case of the weak annihilation the cancella-
tion of the AC = 1 Wilson coefficients seems to be even more pronounced
than at the scale my;. Thus a knowledge of the colour-suppressed operators
is inalienable. In the case of Pauli interference no cancellation occurs and we
get values for the coefficient of By, that are smaller than —1 and we get a
sizable, but smaller contribution from the colour-suppressed operators. Un-
fortunately there is no lattice determination of the AC' = 0 matrix elements
available, so we cannot make any final, profound statements about the status
in the charm system. Numerical results for the NLO-QCD case will also be
discussed below.

7.6 Fourth term of the HQE

If one takes in the calculation of the weak annihilation and Pauli interference
diagrams also small momenta and masses of the spectator quark into account,
one gets corrections that are suppressed by four powers of m; compared to
the free-quark decay. These dimension seven terms are either given by four-
quark operators times the small mass of the spectator quark or by a four
quark operator with an additional derivative. Examples are the following
AB = 0 operators

mys + 7
P = mc,lb bi(1 = 75)ds x dj(1 = ¥5)b; , (250)
P = ”;j bi(1 +75)d; x dj(1 +75)b; (251)
b
1 - 5 p 7 1
Py = —biD (1 = 75)D%d; x dy" (1= 35)b; (252)
b
1 - _
Pi= —biD,(1—75)Dd; x di(L+75)b; (253)
b

These operators have currently only been estimated within vacuum insertion
approximation. However, for the corresponding operators appearing in the
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decay rate difference of neutral B-meson first studies with QCD sum rules
have been performed [126, 127].
Putting everything together we arrive at the Heavy-Quark Expansion of decay
rates of heavy hadrons
2 3 4
r = F0+A—2F2+A—3F3+A—4F4+..., (254)
my my, my,
where the expansion parameter is denoted by A/m,. From the above ex-
planations it is clear that A is not simply given by Agcp - the pole of the
strong coupling constant - as stated often in the literature. Very naively one
expects A to be of the order of Agcp, because both denote non-perturbative
effects. The actual value of A, has, however, to be determined by an explicit
calculation for each order of the expansion separately. At order 1/mj one
finds that A is of the order of u, or pg, so roughly below 1 GeV. For the
third order A? is given by 167%f3Mp times a numerical suppression factor,
leading to values of A larger than 1 GeV. Moreover, each of the coefficients
I';, which is a product of a perturbatively calculable Wilson coefficient and
a non-perturbative matrix element, can be expanded in the strong coupling

2
ra IORCI (255)

(47r)2 J

Before we apply this framework to experimental observables, we would like
to make some comments of caution.

7.7 Violation of quark-hadron duality

A possible drawback of this approach might be that the expansion in the
inverse heavy quark mass does not converge well enough — advocated un-
der the labelling wviolation of quark hadron duality. There is a considerable
amount of literature about theoretical attempts to prove or to disprove du-
ality, but all of these attempts have to rely on strong model assumptions.

Uraltsev published some general investigations of quark hadron duality vi-
olation in [128, 129] and some investigations within the two dimensional 't
Hooft model [130, 131], that indicated the validity of quark hadron duality.
Other investigations in that direction were e.g. performed by Grinstein and
Lebed in 1997 [132] and 1998 [133] and by Grinstein in 2001 [134, 135]. In
our opinion the best way of tackling this question is to confront precise HQE-
based predictions with precise experimental data. An especially well suited
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candidate for this problem is the decay b — c¢s, which is CKM dominant,
but phase space suppressed. The actual expansion parameter of the HQE
is in this case not 1/m; but 1/(my\/1 — 4z); so violations of duality should
be more pronounced. Thus a perfect observable for testing the HQE is the
decay rate difference AI'y of the neutral B, mesons, which is governed by
the b — ccs transition. The first measurement of this quantity in 2012 and
several follow-up measurements are in perfect agreement with the HQE pre-
diction and exclude thus huge violations of quark hadron duality, see [136]
and the discussion below.

7.8 Status of lifetime predictions

In this final section we update several of the lifetime predictions and compare
them with the most recent data, obtained many times at the LHC experi-
ments.

7.8.1 B-meson lifetimes

The most recent theory expressions for 7(B")/7(Bs) and 7(Bs)/7(By) are
given in [191] (based on the calculations in [89, 137, 138, 125]). For the
charged B-meson we get the updated relation (including ag-corrections and
1/my-corrections)

T(B+) HQE 2014 fB 2
= 14003 —"—) [(1.0£0.2)B, + (0.1£0.1)B
7(By) * 1905Mev ) ¢ JBi+( 1B
—(17.8 £ 0.9); + (3.9 + 0.2)es — 0.26]
= 1.04%3% +£0.0240.01. (256)

Here we have used the lattice values for the bag parameters from [125]. Using
all the available values for the bag parameters in the literature, see [24], the
central value of our prediction for 7(B*)/7(By) varies between 1.03 and 1.09.
This is indicated by the first asymmetric error and clearly shows the urgent
need for more profound calculations of these non-perturbative parameters.
The second error in Eq.(256) stems from varying the matrix elements of [125]
in their allowed range and the third error comes from the renormalisation
scale dependence as well as the dependence on my,.

Next we update also the prediction for the Bi-lifetime given in [191], by
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including also 1/m3-corrections discussed in Eq.(221).

T(Bs) HQE 2014
7(Ba)

IB.
231 MeV

+(36 £ 5)e + (51 £ 7)es]

= 1.003 +0.001 (

= 1.001 +0.002. (257)

The values in Eq.(256) and Eq.(257) differ slightly from the ones in [191],
because we have used updated lattice values for the decay constants** and we
included the SU(3)-breaking of the 1/m?2-correction - see Eq.(221) - for the
Bg-lifetime, which was previously neglected. Comparing these predictions
with the measurements given in Eq.(2.1), we find a perfect agreement for the
Bg-lifetime, leaving thus only a little space for, e.g., hidden new B,-decay
channels, following, e.g., [139, 140]. There is a slight tension in 7(B™)/7(Ba),
which, however, could solely be due to the unknown values of the hadronic
matrix elements. A value of, e.g., e, = —0.092 - and leaving everything else at
the values given in Eq.(247) - would perfectly match the current experimental
average from Eq.(2.1).

The most recent experimental numbers for these lifetime ratios have been
updated by the LHCb Collaboration in 2014 [141].

7.8.2 b-baryon lifetimes

There was a long standing puzzle related to the lifetime of Aj-baryon. Old
measurements hinted towards a value that was considerably smaller than
the By lifetime. Recent measurements, in particular from the experiments
at Tevatron and the LHC, haven proven, however, that the Aj-lifetime is
comparable to the one of the Bg-meson. The current HFAG average given
in Eq.(2.1) clearly rules out now the old small values of the Aj-lifetime.
Updating the NLO-calculation from the Rome group [142] and including
1/my-corrections from [138] we get for the current HQE prediction

T

7(Ba)

A, ) HQE2014
(A) ™2 1—(0.8+0.5)%

i)
[l v

1 1
my ™y

= 0.935+0.054,

24We have used fp, = 227.7 MeV [123].
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where we have split up the corrections coming from the 1/mZ-corrections
discussed in Eq.(221), the 1/mj-corrections coming from the A,-matrix ele-
ments, the 1/m3-corrections coming from the Bg-matrix elements and finally
1/mj-corrections studied in [138]. The origin of these numerical values is
discussed in detail in [24]. All in all, now the new measurements of the
Ay-lifetime are in nice agreement with the HQE result. This is now a very
strong confirmation of the validity of the HQE and this makes also the mo-
tivation of many of the studies trying to explain the A,-lifetime puzzle, e.g.,
(143, 144, 145], invalid.

In [89] it was shown that the lifetime ratio of the =Z,-baryons can be in
principle be determined quite precisely, because here the above mentioned
problems with penguin contractions do not arise. Unfortunately there exists
no non-perturbative determination of the matrix elements for =;-baryons.
So, we are left with the possibility of assuming that the matrix elements for
=, are equal to the ones of A. In that case we can give a rough estimate for
the expected lifetime ratio. In order to get rid of unwanted s — u-transitions
we define (following [89])

1
7(Z)
For a numerical estimate we again scan over all the results for the Aj,-matrix

elements. Using also recent values for the remaining input parameters we
obtain

=T(Z) =T(E) =TS, = Ay + X). (259)

_,—0\ HQE2014
7(Zp)

()
where the first error comes from the range of the values used for r, the
second denotes the remaining parametric uncertainty and 777 stands for some
unknown systematic errors, which comes from the approximation of the =;-
matrix elements by the Ay-matrix elements. We expect the size of these
unknown systematic uncertainties not to exceed the error stemming from r,
thus leading to an estimated overall error of about +0.06. As soon as Z-
matrix elements are available the ratio in Eq.(260) can be determine more
precisely than 7(Ay)/7(By).

If we further approximate 7(Z)) = 7(A;) - here similar cancellations are
expected to arise as in 75, /7p, - , then we arrive at the following prediction

=0.954+0.04 £ 0.01£777, (260)

7(Ay) HQE 2014

7ED

= 0.95 + 0.06 . (261)
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From the new measurements of the LHCb Collaboration [146, 147] (see also
the CDF update [148]), we deduce

7(

[1]

0y LHCb 2014
b)

= = 0.9240.03, (262)
T(ZY)
7_(Eo>LH(:bzo14
b = 1.006 +0.021 , (263)
T(Ab)
A LHCb 2014
7(Ay) = 0.91840.028, (264)

T(Zf

~—

which is in perfect agreement with the predictions above in Eq.(260) and
Eq.(261), within the current uncertainties.

7.8.3 D-meson lifetimes

In [122] the NLO-QCD corrections for the D-meson lifetimes were completed.
Including 1/m.-corrections as well as some assumptions about the hadronic
matrix elements one obtains

T(D+) HQE 2013 (hadronic)+0'03(scale)

o0 — 292404 007 : (265)
T(Dj) HQE2013 hadronic)+0'04(sca1e)

D% = 1.19+0.12¢ 0,04 , (266)

being very close to the experimental values shown in the beginning of this
lecture. Therefore this result seems to indicate that one might apply the HQE
also to lifetimes of D-mesons, but definite conclusions cannot not be drawn
without a reliable non-perturbative determination of the hadronic matrix
elements, which is currently missing.
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7.9 Exercises

Calculate the leading weak annihilation contribution to the decay of a B

mesol.
Calculate the subleading (order 1/m;) weak annihilation contributions to

the decay of a B, meson.
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8 Mixing in Particle Physics

8.1 Overview

Mixing occurs at several stages within the standard model of particle physics.
One example we discussed already in the derivation of the CKM matrix.
Mixing simply describes the fact that states of particles, which have fixed
quantum numbers are in general not the mass eigenstates. Some examples
for mixing are:

1. Quarks:

Creating quark masses with the Yukawa interaction one observes the
possibility that in general the mass matrices might not be diagonal, i.e.
the flavour eigenstates - defined by their interactions - differ from the
mass eigenstates. Diagonalising the mass matrix one finds the Cabibbo-
Kobayashi-Maskawa (CKM) matrix [14, 15] in the weak charged inter-
action. If in the beginning the mass eigenstates are not identical to
the flavour eigenstates, then the CKM matrix might have non-diagonal
entries. This possibility has now been firmly established by experiment
and Kobayashi and Maskawa received 2008 for their findings the Nobel
Prize of physics.

2. Leptons:
In analogy to the quark sector one can introduce a lepton mixing ma-
trix, the so-called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix
[149], which connects the flavour and mass eigenstates.

3. Elektroweak gauge bosons:
Starting with the eigenstates Wiy, Wy, W5 and B of the SU(2), x U(1)y
gauge symmetry one finds that these states differ from the correspond-
ing mass eigenstates W, W~ Z% and A [26]. Glashow, Salam and
Weinberg received 1979 the Nobel Prize of physics for the construction
of the standard model.

4. Neutrino oscillations:
Since neutrinos exists as free particles - in contrast to quarks - their
oscillations can be observed as a kind of macroscopic quantum effect.
The first hint for oscillations was found in solar neutrinos:
For many years considerably less neutrinos were observed [150] from the
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sun than expected [151]. As one solution it was suggested that the weak
eigenstates of the neutrinos, which are produced in the sun differ from
the mass eigenstates that propagate on their way to the earth (Neutrino
oscillations were suggested by Bruno Pontecorvo [152, 153, 154]). Davis
and Koshiba received 2002 the Nobel Prize of physics for the verification
of neutrino oscillations.

5. Neutral Mesons:
Mixing was observed as a macroscopic quantum effect in the study of
neutral mesons, in particular

1955 K-system: Mixing in the neutral K-system was theoretically de-
veloped in 1955 by Gell-Mann and Pais [155]. Based on that
framework the phenomenon of regeneration was predicted in the
same year by Pais and Piccioni [156]. Experimentally regeneration
was confirmed in 1960 [157]. A huge lifetime difference between
the two neutral K-mesons was established already in 1956 [158].

1986 Bg-system: Mixing in the By-system was found 1986 by UA1 at
CERN [159] (UAT1 attributed the result however to By mixing)
and 1987 by ARGUS at DESY[160]. The large result for the mass
difference AM, can be seen as the first clear hint for an (at that
time) unexpected large value of the top quark mass[161] . In the
meantime AM,; was also measured by BaBar, Belle and LHCb,
with the most precise value steming from LHCb.

For the decay rate difference currently only upper bounds are
available from ATLAS, BaBar, Belle and LHCb, see [11] for the
most recent and most precise bound.

2006/12 Bs-system: The large mass difference in the B,-system was es-
tablished by the CDF collaboration at TeVatron [163], the most
precise value stems from LHCDb.

In 2012 the LHCb Collaboration presented at Moriond for the
first time a non-vanishing value of the decay rate difference in the
Bs-system [164]. In the meantime this quantity is quite precisely
known from measurements of LHCb, ATLAS, CMS, D0 and CDF.

25To avoid a very large value of the top quark mass, also different new physics scenarios
were investigated, in particular a scenario with a heavy fourth generation of fermions and
a top quark mass of the order of 50 GeV, see e.g. [162].
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2007/12 DP-system: Here we had several experimental evidences (BaBar,
Belle, Cleo, CDF, E791, E831) for values of AI'/T" and AM/T’
at the per cent level, but the first single measurement with a
statistical significance of more than five standard deviations was
done only in 2012 by the LHCb Collaboration [165].

Here we do not consider the neutral pion, which is its own anti particle
and we also do not consider excited states of these mesons, because
they decay too fast (due to the strong interaction) for mixing to occur.
The mesons denoted by K% D° BY and B? are defined by their quark
content, therefore they are called flavour eigenstates. Due to the weak
interaction transitions between the flavour eigenstates of the neutral
mesons and their antiparticles are possible. Now again the mass eigen-
states differ from the flavour eigenstates. Mixing leads to mass differ-
ences of the neutral mesons with macroscopic oscillations lengths, so
we have here a real macroscopic quantum effect.

Below we discuss the latter three examples a little more in detail.

8.2 Weak gauge bosons

The relation between the interaction eigenstates Wy, Wy, W3 - from SU(2),
and B from U(1)y and the mass eigenstates W+, W, Z° (intermediate vector
bosons) and A (photon) is given by

+ 1 i 1
)= 2 (e ) (267)

w = ——= w2

V2 V2
A cosf, sinb, B

<Z“) - (—sin@w Cosew) (W3“> ’ (268)
with the Weinberg angle 6y, which was introduced by Glashow in 1961
(w = weak). The numerical value of the Weinberg angle is an important
observable of the standard model. It can be measured very precisely and also
be calculated very precisely, thus providing a stringent consistency check of

the model. The actual value of the Weinberg angle depends on the concrete
renormalisation procedure used. In the MS scheme one finds [9]:

sin?(0y) = 0.2312 % 0.0001 = sin(fy) ~ 0.48 = Oy ~ 0.50 ~ 28.7° (269)
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8.3 Neutrino oscillations

We explain the concept of neutrino oscillations with the example of solar
neutrinos:

Production in the sun:

Neutrinos are produced in the sun by the weak interaction.
4p —* He + 2¢™ + 2v, (270)

In more detail the production mechanism looks like

0, 0,
prpt—oH+et v, #9000 023 % prte+ptoH+tv,

10° %

‘H+p*—3Het+y | PHetp* — *He +e+v,
15,08 % hep
SHe+*He—"Be+ v
"Be 99.9 % 0.1%
‘Bete > Litv, Be+pt—5B+ 7y
84,92 % ) I
SHe+3He—>*He+2p* 'Li+1)+e4He% SB>®Be*+et+v,
|
8Be*—*He+'He

Thus the fundamental production process is an inverse (-decay: p — n +
et + v, or on quark level u — d + e™ + v,. The corresponding Feynman
diagram reads

Feynman diagram

The produced neutrino, we denote it by v, is defined by its coupling (together
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with the positron) to the force carrier of the weak interaction, the W boson.
Hence we call v, the weak (interaction) eigenstate. Naively we would expect
that v, has also a definite mass, but quantum mechanics allows that the
basis of weak eigenstates (v., v, v;) differs from the basis of mass eigenstates,
which we we denote by v1, 15 and v3. Such a difference results in an interesting
effect, that we will derive below.

Propagation:

For simplicity we explain only the mixing of two neutrino flavours. The
general relation (quantum mechanical basis transformation) between weak
and mass eigenstates reads

Ve \ _ cqs@ sin 0 V1 . (271)
v, —sinf cos@ Vo
The electron neutrino which was produced as a weak eigenstate is a linear
combination of the mass eigenstates v and vs.

Ve =cosl vy +sinf - vy . (272)

In the vacuum these two eigenstates will propagate with the corresponding
masses m; and ms.

m(t) = n(0)- ™, (273)
va(t) = 1y(0)- e, (274)

Due to their different wavelength the relative composition of the original
electron neutrino in terms of v, and v, will change over time.

Ve(t) = cos-v(t) +sind - y(t) (275)
= cos0-vi(0) - P 4 sing - 1,(0) - Fm2) (276)

This can again be expressed in terms of v, and v,.
v1 \ [ cosf —sind U,
<1/2)(sin€ cos 6 ) (l/u) (277)
and one obtains

ve(t) = cosf(cost - v.(0) —sind - v,(0)) Tt

+sin 6 (sin @ - v,(0) + cos @ - v,(0)) eFm2)t (278)
= ((3082 g - e Pmt 4 in%4 . eiE(mZ)t) ve(0)
+cos fsin § (e — e Emt) (0 (279)
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From this formula one can read off, that the electron neutrino can oscillate
in a muon neutrino, if m; # my and 6 # 0.
The probability for the change of a flavour a to a flavour b is given by

Pv, —w) =

[(va()[14(0)) "

}cos fsin 0 (eiE(W)t - eiE(ml)t) ‘2

%sin2 20{1 — cos[E(m;) — E(my)] t}

o
sin?(26) - sin? (w E) . (280)

The energy E of the neutrinos depends on the creation process.
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L corresponds to the distance between creation and detection, which is
more or less the distance of the sun and the earth. The remaining two
parameters of the mixing formulae are

e Mixing angle ¢
In the lepton sector we have an analogue of the CKM matrix - the
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Pontecorvo-Maki-Nakagawa-Sakata matrix (PMNS). Its entries are de-
termined by the results of different neutrino oscillation experiments.

e Difference of squared masses m3 — m?
The neutrino mass is a fundamental parameter of nature, it also can
have cosmological consequences.

Detection on the earth:

The detection of the neutrino also proceeds via the weak interaction, i.e. the
detection is only sensitive to the weak eigenstate. Any charges reaction that
involves a electron can only detect a solar electron neutrino, but not a muon
neutrino (compare tagging). Such experiments were e.g.

Cl¥ 4+ v, — Ar¥ 4+ e Davies, Homestoke
n+ve — p+e

Ga™ +1v, — Ge e Gallex, Sage, GNO
n+ve — pt+e

The result was that always too few electron neutrinos were found. This was
the so-called solar neutrino problem.

The SNO experiment had different detection channels: one channel that
was also only sensitive to electron neutrino - here they found too few event,
but also channels that were sensitive to all three neutrino flavours (neutral
current) - here they found the expected number of neutrinos.

Proof of neutrino oscillations!

Current data

Our current (PDG 2014) knowledge about neutrino mixing can be sum-
marised as [9]

Am?, ~ T7.5440.24-10"%eV? (281)
Am?,, ~ 243 +0.06-10%eV? (282)
sin®f1, =~ 0.308 £0.017 = 05 = 33.7° (283)
sin® oy~ 0.455 £ 0.035 = gy = 42.4° (284)
sin @13 =~ 0.0234 +0.0020 = 0,3 = 8.8° (285)
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9 Mixing of neutral mesons

9.1 General Introduction

We discuss here mostly the case of B; mesons; changes in formulae in order
to describe B, mesons or D° mesons, should be obvious. Whenever there are
fundamental differences arising, we will discuss the different systems seper-
ately.

Neutral mesons like BY and their anti particles BY form a two state system,
which can be described with a Schrodinger like equation

mﬁ @2 - H @3 _ M1d1 - %F(fll 0 , @3 )

(286)

This is equivalent to the following time evolution of B mesons:

= Bl(t) E e#(Mvdz*%Fi)t = Q#M’gtef;ﬁ F?’it, (287)
o M (M) is the mass of the BY(BY)-meson.
o 'Y, (I'Y,) is the decay rate of the BY(BY)-meson.
e CPT invariance implies M¢, = Mg, and I'Y, = T4,

Due to the weak interaction, however, transitions of a B)-meson to a BY (and
vise verca) are possible via the so-called box diagrams.

b t.,c,u d

ol
Y
YaVal
gl
I

<

t.c,u
The box diagrams lead to off-diagonal terms in the Hamiltonian

d iTd d id
0 - < Mld1 — 51“61[1 Mldz — §Fé2 )
7 3 *

My — §F21 Mj, — §F22

'Y, corresponds to intermediate on-shell states, like (cc), while M{, corre-
sponds to virtual intermediate, i.e. off-shell states. Therefore the top quark
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as well as other hypothetical new physics particles contribute only to Mg,.
Thus we are are left with non-diagonal mass matrices and decay rate matri-
ces. A non-diagonal mass matrix means simply that the flavour eigenstates
of the mesons are not mass eigenstates.

CPT invariance implies again M{, = Mg, and 'Y, = T'%, and hermiticity
gives Mg, = (M1d2)* and 'Y, = (I"fQ)*.

In order to obtain meson states we simply have to diagonalise H and we get
then new eigenstates, which we denote by the index H=Heavy and L=Light.

Byy = pBY—qBY, (288)
Bd,L - pBg+qua

with p = p(M%,TY,) and ¢ = ¢(M{,T',). The new eigenstates By y and
B 1, have now definite masses M ﬁ,, M }f and definite decay rates I'y and I'y.
By diagonalisation one gets the following observables

ALy = Tj =T = ATy(M,, I'),
AMy = M?I - Mg = AMd(Mf% F(fQ) ) (289)

where the following relations hold exactly

1 2 2
(AMg)* = 5 (AT0)* = 4[M|" = [T5,[" (290)
AM;- ATy = —4Re (M{LIE) (291)
AMy + AT
= oM (292)
p 2M7y —al'fy

Solving for the mass and decay rate difference we get

2AM: = \/(4|Mf12|2—‘F‘fg‘2)2+16‘M1d2|2|F§l2‘2cos,2 dy+ 4| M|

barg =/ (4Ms - L)+ 16 P [Tl cost o, — 4|0t + TP

-/’

(293)

with ¢, = arg(—M/T'%,).26 So in general whe have to know both M,
and I'15 in order to determine either the decay rate difference or the mass

2With M{, = |M{y|e?™? and T, = [T',]e*r? we get ¢f, = 7 + dara — bra.
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difference. We will see, however, that in the B-system AM is given to a good
approximation by My alone, while we can derive some helpful bounds for
the D system.

Now we can derive in the same way as we did for the neutrino the time
evolution of the B mesons. For the mass eigenstates the time evolution is
trivial

Bun() = e (Mt B, ,,(0) (294)
For the flavour eigenstates it reads
q —
[Ba(t)) = g+(t)|Bg) + ];g—(t)\Bff) : (295)
— p —
|Bi(1)) = ggf(t)|33> +9+()|Bg) (296)
with the coefficients
—i [ ATt AMgyt ATyt . AMgt
g+(t) = e Magte=Ta/2t | cogh 222 cog © _ jsinh /% gin <
i 4 2 4 2
(297)
—iM - [ ATyt AMyt ATgt . AMgt
g-(t) = e Magte=Ta/2t | _ ginh =% cos 4+ icos ~ sin <
i 4 2 4 2
(298)
Here we used the averaged masses Mpo and decay rates I':
d
Mg + M¢ re + 14
M32:%7 Fd:%' (299)
g+(t) and g_(t) give directly the probability for mixing and non-mixing:
2 =01 5 2
[(BABIEDN|™ = g+ @) = [(BIBIUD)| (300)
2
— 2 q
sl = |4 o (301)

The arguments of the trigonometric and hyperbolic functions can be rewrit-
ten as

AM -t 1 AM,

t
= —x(B ith z(BY) := 2
2 B gy with #(B) = S (302)
Aly-t 1 t . Al
= —y(BY)——— h y(BY) = —=
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where the lifetime 7(BY is related to the total decay rate 'y via 7(BY) = 1/Ty.
The oscillation length of the trigonometric functions can be determined via

AMd -1 2T
= t = 4
5 ™= ND? (304)
2
=z = ot = fyct =y e (305)

AM,
9.2 Experimental results for the different mixing sys-
tems:

After huge experimental efforts, that are still going on, the following values
for the mixing parameters were obtained

| S | D [ Ba | B, |
AM in ps~' [ 5.293(9) - 103" | 0.0095° 0.5065(19) | 17.757(21)°
AMin eV | 3.484(6)-10-%"[6.3-1076° 3.3-107% | 0.012¢
v =21 0.95° 0.00397 00012 | 0.77° 26.8°
er\f[ in mm | 3608y 198¢3~ 3.7°By 0.11¢B~
ATin ps™' [ 0.01° 0.0317¢ 0.0007(66)° | 0.090(5)"
AT 1.99¢ 0.013¢ 0.001(10)* | 0.135(8)°
y=2L 1.00° 0.00651 %0 05005 | 0.0005(50)¢ | 0.07¢
% in mm 1706~ 59c¢fy > 2850y 20.98~
|AT/AM [ 21° [ 3.34° [0.001(13)¢ ]0.00507° |

@ HFAG: May 2020; °: PDG: May 2020; ¢: derived by myself, no (precise)
error estimate.

Exercise:

Update the above table with the following new inputs from HFAG 2021

AM; =
Al'y =
rp =
Yp =

0.xzx £+ 0.xzx ps !,

0.xzx £+ 0.xz2 ps ',

0.2x £ 0.22%,

+0.zxx
0.2y 2% .

At this stage some comments are in order:

1. The kaon system is special, because kaons can decay hadronically only
into 2 pions or 3 pions and there is a huge phase space difference for
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these final states. The physical kaon states are almost CP eigenstates
and the 2 pion and the the 3 pion final state differs in the CP quantum
number. Therefore K7, has only a very small phase space - and therefore
lives much longer - compared to Kg.

. For all other neutral mesons there is plenty of phase space for final states
with different CP quantum numbers. Nevertheless we have e.g. in = a
large range a values. Where does the ratio xp./zpo ~ 26.8/0.0039 ~
69 - 10? come from?

. Having this numerical values at hand, we can now compare time evo-
lution for the different neutral mesons by ploting |g, (¢)|?, |g_(t)|* and

|9+ (t)g- (1)

KO D°
—lg+@®)? —lg+@®)1?
o \ —_ |g, (t)|2 0.008] 7100‘9*“)'2

7 P (10_,2\/71) 3 2000 Aﬂ?‘o'n' (vﬂ)enau 000
me ‘e me (e
Bd Bs
0. 1.
_ +)|2 .
o —lg+ (O
- 0.8
o 9 —lg-(1)?
o of|
= o =
0.1 |
02‘ /\
Y\
Mercncece..
2000 4000 6000 8000 4000 6000 8000
Time (eV ™) Time (eV ')
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lg+(£)g= (®)]

2000 4000 6000
> eV

4 6 8000
Time (10%V ") Time

—
lg+(t

20000 30000 40000 2000 6000 8000

Time (eV ")

0
Time (eV ')

4. Comparison of the absolute values of the mass differences

‘ H AMin ps! ‘ AMin eV ‘ 2me/AMin mm/y ‘

By 17.8 0.01 0.1
By 0.51 0.0003 4

DY 0.01 0.000007 200
K° 0.005 0.000003 360

This clearly shows that mixing is a macroscopic quantum effect, the
oscillation lengths vary between 0.1 and 360 mm (+.

Where do the large differences in the size of the mixing parameters - a
factor of about 3600 - come from?

5. Comparison of the absolute values of the decay rate differences

‘ | ATin ps~' | 2r¢/ATin mmf |

By 0.09 20
DY 0.03 60
K° 0.01 170
By || <0.007 > 285

This again shows that mixing is a macroscopic quantum effect, the
oscillation lengths vary between 20 and more than 285 mm (7.
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The differences in the absolute values are now less pronounced, a factor
of more than 10.

6. Comparison of the relative values of the mass differences

[ am/T

By 27
K[ 0.95
By || 0.77
D[ 0.0039

Where do the large differences in the size of the mixing parameters - a
factor of more than 6900 - come from?

7. Comparison of the relative values of the decay rate differences

| [ Ar/T |

K% 1.99
B. | 0.14
DY | 0.013
By || <0.01

Where do the large differences in the size of the mixing parameters - a
factor of about 200 - come from?

8. Comparison of decay rate difference vs. mass difference

| [AT/AM ]
D° 3.34
K" 2.1
By || <0.013
B || 0.00507

Exercise:
Produce nice plots for the different systems
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9.3 SM predictions for mixing of neutral mesons
9.3.1 Observables
We will now solve Eq.(293). In the Bj-system I'{, < M{, holds, therefore

one can simplify the expressions for Al'; and AM,. Expanding in the small
quantity I'{,/M{, we get very simple relations

1 |Fq |2
AM, = 2|Mf,) (1 — §|Ml§ 2
12

sin ¢, + ) 310
~ 2|Mi]2’7

AT, = 2|I'f,|cos ¢f (1%—1 | sin ¢, + . )
q 12 12 3 ML 12

~ 2|T'y|cos ¢, ,

312

(310)
(311)
(312)
(313)

313

with the weak mixing phase ¢f, = arg(—M7,/T%,)%*". Thus for a determi-

nation of AM, the knowledge of MY, is sufficient, while for AT', I'{, has to
be calculated. In the case of D-mixing I'{, and My, are of similar size and
we have to use the full expression given in Eq.(293) - but one can derive the
following bounds

ATp <2ITD|,  AMp <2|Mp|. (314)

Diagonalisation of M? and T4 gives also

2
qa —ibar [ RIS q (|F§12’ )}
- = —e 1— - sin +0
p 2‘M{12| 2 |M{12|2
Wq£[ ﬁ] (W%P)
= — 1-=14+0 , 315
ViaViy 2 | M, |? (315)
with the abbreviation |Fq |
al, = =2 sin ¢, , (316)
" a0

af, has a physical interpretation as flavour-specific or semi-leptonic CP asym-
metry: A flavour specific decay Bg — f is defined by

e BY — f and BY — f are forbidden.
e No direct CP violation arises, i.c. [(f|B)| = |(f|B)|

2TThere was actually a lot of confusion related to the definition of this phase, see [166].
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Example for flavour-specific decays are e.g. BY — D 7" or Bg — Xlv -
therefore the second name. The asymmetry reads

0 — g DB H-TBM—=T) _ || ~ s
LT TB)  NATBU =) off o |
F‘{Q AT,

= 2 (o] 1) = g st (= g = S )

Remember: mixing stems from box diagrams - here the case of B; mesons:

M5 is the dispersive part (sensitive to virtual internal particles - i.e. all
diagrams above contribute, also the very heay (=red) ones) and I'j5 is the
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absorptive part (sensitive to on-shell internal particles - i.e. only light (=blue)
particle can contribute) of these box diagrams.

Exercise:

Plot of Box diagrams for I'l, and MY, for all four systems = 12 diagrams
Search for all the different conventions for ¢i,

9.3.2 First estimates

In the following we will explain our theoretical tools to calculate I'f, and
M{,. One big goal of flavor physics is the search for new physics. We have
currently some hints for deviations of measurements from the SM predictions.
Therefore we really have to make sure that we control the SM predictions,
in particular the hadronic effects.
First we look at all the diagrams contributing to M%,. For each of the two
topologies we get nine contributions

My = NoF(u,u) + ANAF (u,€) + MM F (u, 1) +
AAuF (e, 1) + N2F(c, ¢) + AN F (e, t) +

MAE (t,u) + MAF (¢, ¢) + NP F(t, ) (318)

with the CKM structures A, = V;;Vy, for (¢ = u, ¢, t) and the loop function
F(q1, q2) describing internal ¢; and ¢, quarks. For M, we take the off-shell
part of the loop diagram and for I';; we take the on-shell quark. For B
mixing we have to use instead the CKM structure A, = V[ V. In the case of
D mixing the internal quarks (u, ¢, t) are replaced by (d, s,b) and the CKM
factor read \, = V1V, for (¢ = d, s,b).

w

DO B, B
)

)\d = ‘/;dV;d X /\
Ao = Vo VE o< A
>\b = ‘/cbvu*b X )\5'76

Ay = ViV o 376
Ao = ViV o AP
At = thVtZ o AP

Y= ViV o AT
Ae = Vi Vi oc A2
>\c = V;fbv;;i ox A2

(319)

We see a pronounced hiereachy of the CKM elements for D and B, mixing
and a slight one for B; mixing. Within the SM we can use the unitarity of
the CKM matrix (A, + A + Ay = 0= A\g + A\ + \y) to eliminate one of the
CKM structure and to make use of numerical hierarchies. For the By-system
we find

M, = MN[F(c,c) —2F(u,c) + F(u,u)]

133



+2 N [F (e, ¢) — F(u,c) + F(u,t) — F(c,t)]
+ M2 [F(c,c) — 2F (c,t) + F(t,1)] (320)

Remarks:
1. In the case of D-mixing Eq.(320) reads
My = X[F(s,s) = 2F(d,s) + F(d,d)]

2\ [F(s,8) — F(d,s) + F(d,b) — F(d,b)]
+ A2 [F(s,8) — 2F(s,b) + F(b,b)] (321)

2. GIM cancellations [167]: doing the loop calculation one finds

F(pa Q) - fO +f(xq73:p) ) (322)

with a constant value f; and a mass dependent term f(z,,x,) with
x, = m /My, Thus one finds that f; cancels in Eq.(320) due to
GIM cancellation - therefore also no renormalisation is necessary. If all
internal masses would be equal (or zero), M{, would vanish. Looking
at the values of quark masses we find

T, =72-107"%  2,=34-10"" (323)
r.=25-100"  2,=13-10"° (324)
ry=4 x,=27-107° (325)

Thus only the top quark has a sizable value of the mass - all other
masses are close to be negligible. This inferes that in case of B mx-
ing only the last line of Eq.(320) is important, which is also the CKM
leading term. In D mixing the same approximation would infere a van-
ishing result - taking here only the effects of the b-quark into account
will probably be a bad approximation, as the last line of Eq.(321) is
heavily CKM suppressed. Hence in D-mixing all contributions have to
be considered and the result might be affected by severe GIM cancel-
lations.

3. I'12 can also be read of Eq.(320) by deleting all terms with a heavy top
quark (or b quark in case of D mixing) and by replacing the off-shell
function F'(p, q) with the on-shell function F9%(p, q)
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4. Hierarchies: in B mixing we find

|CKM | By | By |
)\3 )\7.52 )\9.52
)\u)\t )\6.76) )\6.76)
A2 [ AS | A

(326)

As already discussed the last line of Eq.(320) is by far least affected of
GIM cancellations. Thus we get to a very good approximation

My = NI[f(t,t)=2f(c,t) + fle,e)] oc NPS(mi /M), (327)

with the Inami-Lim function S(z) [168]:

4o — 112% + 23 3rinx
= — : 2
S(@) 41— )2 21 — 2)? (328)
Hence we expect
AMy  |Vigl?
= = 0.044 329
AM,  |Vig|? (329)

which fits already quite well with the experimental value of 0.0285(1)
- we will discuss below how to get very close to this value.

9.3.3 The SM predictions for the mass difference

Calculating the box diagram contributing to the last line of Eq.(320) (with
internal top and charm quarks) one obtains

G? . R
M, = T;g(ththb>2M%/50($t)BquéqMBq773~ (330)

The Inami-Lim function Sp(z; = m?/M3,) was discussed above. It results
from the box diagram without any gluon corrections. The NLO QCD cor-
rection is parameterised by 7 ~ 0.84 [169]. The non-perturbative matrix
element of the AB = 2 operator

O1 = (qb)v-a(gb)y—a . (331)

is parameterised by the bag parameter B; and the decay constant fp,
= 8
(B4|O1|By) = gff;qBBqM?;q : (332)
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There has been a lot of progress in the determination of the non-perturbative
matrix elements both with lattice QCD [170, 171, 172] and with HQET sum
rules [173, 174, 175]. Averages of these determinations give [176]

f5,B{ = 0.0305(11)GeV?, (333)

f5.B; = 0.0452(14)GeV?, (334)
Bs

¢ = VTl ongrg, (335)

de\/Biil

resulting in the following SM predictions for the mass differences in the B-
system

AM; = (184707 ps!, (336)
AM; = (05337003 ps, (337)
AM,

AMd = 0.029879:0005 (338)

We find an impressive agreement with the experimental numbers.
Assuming the validity of the SM a comparison of experiment and theory can
also be used to determine CKM elements involving the top quark and we get
(176, 69]

VisVi| = (40.91%557) - 1072, (339)
Vi
vzd = 0.2043+0:0010 (340)

Assuming the unitarity of the CKM matrix we get the following exact rela-
tions between the CKM elements arising in B mixing and Vis/Viua, Vs, Ve
and 7:

V1=V =V2 1— |V =V2
VeVt = — DYy — TV, (341
th Vs C12 1— ’VubP b — S12 - ‘VubP b ( )
Vis _ —c12Vep — 812\/1 — [Vinl? = ViV (342)
Vt:l s12Vep — 012\/1 - Wub|2 - V(;%Vub
with
VUS
Voo 1

Vip = [Viple ™. (343)




Taking the PDG values for V,;/V,q we can test what kind of bounds we get
on Vi, Vi and v from B-mixing.

80" o o T b .
L —— ——
B-nlv incl.
75" ~=— CKMfitter (indir.)
F . - UTHit (indirect)
L [
70 - .
il o A A O { ____________________________ 5 bound __
g. 65? T * —————— r———— e
[ e |
I a incl.
60 § 3 5 Vi
5% w588 _3wt
0 25 §;—; E B @5
- > 9258 935 E
55+ 5 'S | | | pTEO 2
oz luwww =0
L O d0=SSSSExEsE
T aoXXXYNYEEE
507 JJIron O0Oo0o00o>O>O> 1/ i
L L L L | L L L L | Il L 1 L 1
0 1 2 3 4 5

|Viol [107°]

Plotting the allowed regions in the V,;-v plane we find that B-mixing does
not depend on the value of V,;, with in a region covering both the exclusive
and also the inclusive values. Moreover we find that B-mixing indicates an
upper limit of potential values of . This limit is on the lower end of the
current experimental determinations.
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Plotting next the allowed region in the V- plane we find that B-mixing
strongly restricts the value of V,;, - with the allowed region strongly favouring
the inclusive value of V,,. We find again the limit on potential values of ~.

To understand the strong bound on v we go back to the unitarity triangle
an find that now the B-mixing circle around the point (1,0) has a very small
error band (1 sigma region in dark green) and large values of v will not touch

the green circle any more.
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The light green area corresponds to the 5 sigma region of the theoretical
B-mixing determinations. The blue ray indicates the current experimental
determination of v by LHCb and the dotted blue line indicates a futuer
uncertainity in the determination of +1.5°. All in all we find from B-mixing:

VTR — (41,6 40.7) - 107° (344)
yBrmixing - — - (63.440.9)° (345)
,VB—mixing S 6690 (346)

It is interesting to note, that if the exclusive value of V, turns out to be the
correct one, than we start to see an anomly in B-mixing: experiment and
theory will disagree. A similar observabtion was made in K-mixing, where
the observable e is in agreement with the SM prediction only if the inclusive
value of V,, is used, while one gets a deviation of more than 4 sigma if the
exclusive value is used [177].
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9.3.4 The SM predictions for the decay rate difference

In the standard model one gets one operator for M7, (Q) and three operators
for I'{, - including Q

Q = 57, (1 —75)b" x 557“(1 — 75)bﬂ , (347)
Qs = 5*(1+ )b x &7 (1+75)0" (348)
Qs = 5(L+75)b" x 5°(1+ )", (349)

and e.g. four operators for 7(BT)/7(By) ?® - in extensions of the standard
model more operators can arise. It turns out that ), Qs and QS are not
independent, so one of them can be eliminated. Historically QS was elimi-
nated; later on it turned out that this was a bad choice. The matrix elements
of these operators read

_ 5, ) M%q
(Bi|Qs|By) = —3f5,BsMj, ) & (350)
2 () 1 2 2 J%’q
(BqlQs|By) = T B B M, s ) (351)

Before discussing the full standard model result let us have a short look at
the differences between I'j, and I'Y,. Both quantities have three different
CKM contributions

Df = =[O0 TS + 200005 + () T3] (352)
My, = — [0 TE 20N+ () T (359)

One sees that in T'j, there is the CKM leading contribution A3 oc A? and thus
the expression is dominated by the first term - this will, however, not hold
for the imaginary part. On the other hand I'¢, is CKM subleading (A\¢ oc A3)
and all three contributions seem to be of similar size. Each of the coefficients
%% depends on the three operators Q, Qg and Qs.

I'19? = aB + 3Bs + vBs (354)

As already mentioned, the three operators are not independent and one of
the will be eliminated later on.

28This statements hold only at order 1/m;.
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Another way of looking at the mixing observables is the investigation of the
ratio 'Y, /M{,. In this ratio many of the leading uncertainties cancel, e.g. the
factor (fp,Mp,)?, thus one expects - up to different CKM structures - similar
results for the B; and B, mesons. The three physical mixing observables
AM,, AT, and af, can be expressed in terms of this clean ratio:

al, = Im Ty (355)
" )
Al I,
= —Rel|—72=] . 356
st~ el )

Moreover, the ratio I'l,/M{, can be simplified considerably if the unitarity
of the CKM matrix is used, i.e. A, + Ac + A\, =0
T NI 2T N 557
M12 )\t2M12,q
cc, ce, uc, 2 ce, uc, uu,
75 +2ﬁF1Qq_F12q+ (ﬁ) r12(1_2¥‘12(1‘FI‘12 %358)
)\t M12,q

A A

This looks now like a expansion in CKM elements and an expansion according
to GIM suppression. The first term ¢ is not GIM suppressed at all and
it has no dependence of CKM elements. Note that it therefore has also
no imaginary part. The second term is suppressed by \,/A; and it is also
slightly GIM suppressed, while the third term is doubly CKM and doubly
GIM suppressed. For the numerical values of the CKM elements, we get

12,9 )\t M12,q

—107*

Q

| CKM | By | By |
i—l‘ —8.0486 - 1073 + 1.81082 - 10721 | 7.5543 1073 — 4.04703 - 10~/
(i—‘f‘)z —2.63126 - 107* —2.91491 - 10747 | —1.63728 - 10! — 6.1145 - 10731
' (360)
and for the coefficients we have
HE:
cl| —48.0+£8.3 | —49.5£8.5 (361)

al +123+14 | +11.7+£1.3
b || +0.79 £0.12 | 40.24 £ 0.06
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Hence the real part of I'{, /M, and thus AT';/AM, is dominated by the first
coefficient. It is interesting to note, that a knowledge of T'55” is sufficient to
get a precise SM value of Al'; via the relation

d
F12

Exp.
AT, = —Re (M—fg) AMPP (362)

while one needs all three diagrams T'55%, T*% and T%?, if one determines
AT, via the relation

ATy =2 |T'{,| cos(¢a) - (363)

Moreover, an imaginary part can only appear in (359) in the second and third
contribution, which therefore describes the semi-leptonic CP asymmetries,
whose final sizes are given by the values of the CKM elements. In the B,
system the CKM factor has a small imaginary value and aZ; gets therefore a
small numerical value. The third term in (359) is negligible in the B; system.
In the By system the CKM ratio is larger and it has a sizable imaginary part
— it is about a factor of 20 larger than in the B,-system — giving rise to a
semi-leptonic CP asymmetry in the B, sector that is also about 20 times
larger than the one in the B, system.

To give an overview of the state of the art in predicting I'Y, we expand the
full expression for I'15 as

3 4
iy = % (rg°> + %FS) + ) + :z_g (Fff) + ) o (364)
Each of the FEO) is a product of perturbative Wilson coefficients and non-
perturbative matrix elements. In I's these matrix elements arise from dimen-
sion 6 four-quark operators, in I'y from dimension 7 operators and so on.

The leading term Féo) was calculated already quite long ago [20, 178, 179,
180, 181, 182] The 1/my-corrections (I'”) were determined in [183] and they
turned out to be quite sizeable. NLO QCD-corrections were done for the first
time in [184], they also were quite large. Five years later the QCD-corrections
were confirmed and also subleading CKM structures were included [185, 142].
Unfortunately it turned out that AT is not well-behaved [186]. All correc-
tions are unexpectedly large and they go in the same direction. This problem
could be solved by using () and Qs as the two independent operators instead
of @ and Qg, so just a change of the operator basis [187]. As an illustration
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of the improvement we show the expressions for I'15/Mjs in the old and the
new basis:

Old
AT, B Bg Bpr
= 107*. |2. 7= —9243-2
AN 0 [ 6+697B 33], (365)
New -
AT, » Bg Bgr
NV 1074 44.8+16.4§—13.0§ (366)

Bpr denotes the bag parameters of the dimension 7 operators. Now the term
that is completely free of any non-perturbative uncertainties is numerical
dominant. Moreover the 1/mj-corrections became smaller and undesired
cancellations are less pronounced. For more details we refer the reader to
[187]. Currently also 1/my-corrections for the subleading CKM structures in
12 [188] and 1/mZ-corrections for AT [189] are available - they are relatively
small.
For the decay rate differences we obtain the following predictions

ATSM = (2.8040.72) - 102 ps™,  AI'™ =0.0874+0.021ps™", (367)

AT\ AL\ ™
(r—d> = (4.11£0.78) - 1072, (F ) =0.137£0.027, (368)
d s

AT\ AT\
<AMd ) = (53.24+10.1)- 1074, (AM ) = (50.4 £ 10.1) - 107*.
d s

(369)

The predictions for Al'y/T'y and Al'y/T'y are obtained under the assumption
that there are no new physics contributions in AM; and AM,. The decay
rate differences have not been measured yet, but we have already interesting
bounds

AT AT
(Fﬁ:(wig?).mg, (F ):o.ogztg;ggz. (370)

Here we are eagerly waiting for more precise results from TeVatron and from
LHC!

Finally we present the numerical updates for the mixing phases and the
flavor-specific asymmetries

S =-0085+0.025, @M= (4.24+13)-107%, (371)
af?M = (-45+£08)-107*, oM =(2114£036)-107°.  (372)
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From this list one sees the strong suppression of ¢ and ay in the standard
model. In addition we give also the updated prediction for the dimuon asym-
metry and the difference between the two semileptonic CP-asymmetries that
will be measured at LHCb

ASY = —(0.22+£0.04)- 1073, (373)
ap™ — e = (0.4740.08)-1073. (374)

We will compare these numbers with experimental data in the new physics
section. At that stage it is instructive to look also at the detailed list of the
different sources of the theoretical error for observables in the B, mixing sys-
tem. We compare this numbers with the corresponding ones from Reference
[187] (the table and numerical values are from [191]). For the mass difference
we have

| AM, | This work | hep-ph/0612167 |
Central Value || 17.3ps* 19.3ps~!

5(f5.) 13.2% 33.4%
5(Vy) 3.4% 1.9%
5(B) 2.9% 7.1%
5(my) 1.1% 1.8%
5(cy) 0.4% 2.0%
5(7) 0.3% 1.0%
O(Vap/Ven) 0.2% 0.5%
5(mb) 01% _ — —

[ >0 [ 14.0% ] 34.6% |

For the mass difference we observe a considerable reduction of the overall
error from 34.6% in 2006 to 14%. This is mainly driven by the progress in
the lattice determination of the decay constant and the bag parameter B.
To further improve the accuracy we need more precise values of the decay
constant.
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For the decay rate difference we get

‘ AT, H This work ‘ hep-ph/0612167 ‘
Central Value || 0.087 ps~! 0.096 ps—*
d(Br,) 17.2% 15.7%
5(fB,) 13.2% 33.4%

o(p) 7.8% 13.7%
5(Bs) 4.8% 3.1%
d(Br,) 3.4% 3.0%

(Vi) 3.4% 4.9%

d(B) 2.7% 6.6%
d(Bg,) 1.9% - — =

i(2) 1.5% 1.9%
d(ms) 1.0% 1.0%
0(Bg,) 0.8% -——
d(Bg,) 0.5% - ——
d(as) 0.4% 0.1%

d(y) 0.3% 1.0%
d(Br,) 0.2% - — =

6(Vin/ Ver) 0.2% 0.5%

d(mp) 0.1% 1.0%

[ >0 [ 245% [ 405% |

For the decay rate difference we also find a strong reduction of the overall
error from 40.5% in 2006 to 24.5%. This is again due to our more precise
knowledge about the decay constant and the bag parameter B, but also
from our change to the M S-scheme for the quark masses, which leads to a
sizeable reduction of the renormalisation scale dependence. In [187] we were
using in addition the pole scheme, and our numbers and errors were averages
of these two quark mass schemes. It is very interesting to note, that now
the dominant uncertainty stems from the value of the matrix element of the
power suppressed operator R.

To further improve the accuracy a non-perturbative determination of By,
and Bj as well as a more precise value of fp, is mandatory. In addition the
calculation of the a,/my, and the a2-corrections will reduce the p-dependence.
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For the ratio of AI' AM the decay constant cancels.

| AT,/AM | This work | hep-ph/0612167 |

Central Value || 50.4 - 10~* 49.7-107%

5(Br,) 17.2% 15.7%
(1) 7.8% 9.1%
5(Bs) 4.8% 3.1%
5(Br,) 3.4% 3.0%
3(Bg,) 1.9% R
8(2) 1.5% 1.9%
5(my) 1.1% 1.8%
5(my) 1.0% 0.1%
5(ay) 0.8% 0.1%
0(Bg,) 0.8% ———

3(Bg,) 0.5% SR —
5(Br,) 0.2% ———
5(B) 0.1% 0.5%
5(%) 0.0% 0.1%
5(Vin/Vip) 0.0% 0.1%
5(Vip) 0.0% 0.0%

[ >0 [ 201% ] 18.9% |

For the ratio of AT'/AM we do not have any improvement. The decay
constant cancels out in that ratio and therefore we did not profit from the
progress in lattice simulations. Also the CKM dependence cancels to a large
extent. The improvement in the renormalisation scale dependence is less
pronounced than in AI' alone.

To improve the precision, we have to improve the precision on Al as de-
scribed above (except for the decay constant).
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For the semileptonic CP-asymmetries we get

‘ ay, H This work ‘ hep-ph/0612167 ‘
Central Value || 2.11-107° 2.06-107°

O(Vin/Ves) 11.6% 19.5%
o(p) 8.9% 12.7%

3(%) 7.9% 9.3%

5(y) 3.1% 11.3%
5(Bg.) 2.8% 2.5%
d(my) 2.0% 3.7%
d(as) 1.8% 0.7%
3(Br,) 1.2% 11%
d(my) 1.1% 1.8%
3(By) 0.6% 0.4%
3(Br,) 0.3% E—
(S(Bé]) 0.2% - — =
d(B) 0.2% 0.6%
d(ms) 0.1% 0.1%
d(Br,) 0.1% - — =
3(Br,) 0.0% E—
3(Vip) 0.0% 0.0%

| S0 [ 17.3% | 27.9% |

Finally we also have a large improvement for the flavor specific asymmetries.
The overall error went down from 27.9% to 17.3%. In ay, also the decay con-
stant cancels, but in contrast to AI'/AM we now have a strong dependence
on the CKM elements. Here we benefited from more precise values of the
CKM values and also from a more sizeable reduction of the renormalisation
scale dependence.

Here a further improvement in the CKM values of V,;, and the charm quark
mass will help, as well as the reduction of the p-dependence via the calcula-
tion of higher order terms.

9.3.5 Summary of SM predictions for lifetimes and mixing quan-
tities
For an illustration we compare now the determination of the total lifetime

7o = 1/T's, M3, and I'j,. These quantities are given by the following diagrams
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The vertices in the diagrams for I'y and I'], are AB = 1 four-quark operators
from the effective Hamiltonian while the vertex in the diagram for M7, is an
effective AB = 2 four-quark operator. For M7, we have now already the
final local operator, whose matrix element has to be determined with some
non-perturbative QCD-method.

As a next step we rewrite the expression for I'y in a form that is almost
identical to the one of I'j,. With the help of the optical theorem I' can be
rewritten (diagramatically: a mirror reflection on the right end of the decay
diagram followed by all possible Wick contractions of the quark lines) in

148



The first term (=: I'{) corresponds to the decay of a free b-quark. This term
gives the same contribution to all b-hadrons. The lifetime differences we are
interested in will only appear in subleading terms of this expansion like the
second diagram (=: I's), which looks very similar to the diagram for I's.
Counting the mass dimensions of the external lines one can write formally
an expansion of the total decay rate in inverse powers of the heavy quark
mass 1my:

A A2 3
0 :FOJF%R +m—ZFQ+EEF3+.... (375)

The parameter A is expected to be of the order of Agep, its actual size
can however only be determined by explicit calculation. The expressions
for I'Y and I'j, are however still non-local, so we perform a second OPE
(OPE II) using the fact that the b-quark mass is heavier than the QCD scale
(mp > Agep). The OPE 11 is called the heavy quark expansion (HQE) and
was discussed in Section The resulting diagrams for I'; and I'j, look like the
final diagram for M7,:

|

b

Now we are left with local four-quark operators (AB = 0 for 7 and AB =
2 for I'f,). The non-perturbative matrix elements of these operators are
expressed in terms of decay constants fz and bag parameters B. In the
standard model one gets one operator for M7, (O;) and three operators for

Fi2 —(Ol, 02 and 03)

9.4 Mixing of D mesons

9.4.1 What is so different compared to the B system?

Let us start with a very naive estimate of contributions to the Box-diagrams
m2

(A= 0.2z, =

)

(VasVE)? ox A2, = 15107 VogaS(ay) =~ 71071
KO o { (VaVa)? o A2 2, = 0.00035  VegarS(zg) ~ 21077
(VisVii)? oc M0 2y & 4.8 VoruS(zy) =~ 7-1077
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(VubVJd>2 o A T, ~ 1.5 107? VCKMS(ZL’q> ~2-1071
BY (Va V)2 oc A8 2.~ 0.00035  VogarS(a,) ~4-1078
(Vo Vii)? o A8z, ~ 4.8 VormS(zy) ~3-1071
(Vo V)2 o A, = 15107 VogaS(a,) =~ 8-1071
BY (Vi V)2 o A* 2.~ 0.00035  VegaS(x,) &~ 81077
(Va Vi)  oc M oy ~ 4.8 VerxuS(z,) =~ 6-1073
(‘/ch;d)2 x \? Ty~ 6 - 107° VCKMS(ﬁq) ~3-10710
D’ (VesVEY? o A2 2, 11078 Vg S(x,) ~4-1078
(‘/;bVJb)2 x A0 xp, ~ 0.003 VCKMS(xq) ~8-10710

All contributions are small and of similar size in D-mixing, but It comes
worse!!!

Why naive?

In the derivation of the Inami-Lim functions already the unitarity of the
CKM-matrix has been used

My o AaAaf(d,d) + AaAs f(d, ) + Aado f(d, )
+ Ahaf(s,d) + Ao f(5,8) + ANy f (5, D)
+ Aaf (b, d) + Mo f (b, 5) + Mo f(b, b) (376)
= A f(s,8) = 2f(s,d) + f(d,d)]
+ 220N [f(bs) = f(b,d) — f(s,d) + f(d, d)]
+ A [f(b,0) = 2f(b,d) + f(d, d)] (377)
= NS (24) + 2A NS (x5, 1) + AZS (23) (378)

What problems do arise in the charm system?

1. Exact treatment of Vogar
= Huge GIM cancellation between the 3 contributions

2. as(m.) = O(50%)
= convergence of QCD perturbative Expansion?

3. A/m. not so small
= convergence of Heavy Quark Expansions?

4. EXp F12 ~ M12
Use exact formulae for diagonalisation

How to solve these problems
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. Because of huge cancellations: be very careful with approximation that

might seem justified on first sight.

. Simply try by explicit calculation!
. Test with charm lifetimes and simply try by explicit calculation.

. The most easy part: the exact relations read

1
(AM)* — 1 (AD)* = 4|Myf* — [Ty, (379)

AMAI' = 4|M12||F12|COS(¢).

If T'15/Mis] < 1, as in the case of the B, system (=~ 5-107%) or if
¢ < 1, one gets the famous approximate formulae

AM:2|M12|, AF:2|F12’COS¢.

In the D-system |I'15/Mjs| =~ 1 possible — Solve Eigenvalue equation
exactly
A numerical estimate shows: AI' < 2|I'9|

9.4.2 SM predictions

Theoretical Tools:

There are two approaches to describe the SM contribution to D-mixing. They
are state of the art, but they are more an estimate than a calculation

4

Exclusive Approach
Falk, Grossman, Ligeti, Petrov PRD65 (2002)
Falk, Grossman, Ligeti, Nir, Petrov PRD69 (2004)

Inclusive Approach
Georgi, PLB 297 (1992), Ohl, Ricciardi, Simmons, NPB 403 (1993)
Bigi, Uraltsev, NPB 592 (2001)

x,y up to 1% not excluded

Essential no CPV in mixing — unambiguous signal for NP!!!
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Comments on the exclusive approach:
y due to final states common to D and D

1 —0 — _
v =2 pu(DIHAC ) (A D)

This is much too complicated to calculate exclusive decay rates exactly!

e Estimate only SU(3) violating phase space effects (mild assumptions
about p-dependence of matrix elements) = calculable source of SU(3)
breaking

e Assume hadronic matrix elements are SU(3) invariant
e Assume CP invariance of D decays
e Assume no cancellations with other sources of SU(3) breaking

e Assume no cancellations between different SU(3) multipletts

= individual effects of 1% possible: y** ~ 1% # NP

e "our analysis does not amount to a SM calculation of y”

We try to push the inclusive approach to its limit.
Charm lifetimes:
The following is just a naive estimate - a quantitative analysis has to be done!
Experimentally we get relatively large differences in the lifetimes of D
mesons:

C7(DY)  1040fs 7(DY)  500fs

. = ~~ 2. = ~ 1.2
7(D%)  410fs 7(D%)  410fs

Exp

We assume now that the HQE can also be applied to charm system and we
investigate how large the HQE would have to be in order to reproduce the
experimental findings.

e Applying the HQE for D-system we get the following diagramatic con-
tributions

— D% weak annihilation (=WA)
— D*, DF: Pauli interference (=P1); PI (D}) = (Vis/Via)? PI (D7)
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e This can be compared with the HQE contributions for the B-system

— By, Bs: WA, similar CKM structure, differences due to phase
space

— B*: PI (larger than WA)

According to the HQE the total decay rate can be written as a leading term
that describes the decay of a free charm quark and some corrections that
depend also on the flavor of the spectator quark.

[(D,) = [(c) + 6T(D,)

With our above assumptions we easily see that the experimental constraints
are full-filled for

ST(DO)
I'(e)

First of all, the size of the correction is in the expected range, since (mj,/m.)> ~
20...30. Next the expected corrections are large, but not so large that an ap-

plication of the HQE is a priori meaningless.

Here it would be very valuable to have a real HQE calculation of the lifetime

ratios of charm mesons.

~ +19%

~ —53%,

9.4.3 HQE for decay rate difference

The problem:

[p = — (N1 + 22 alsq + A2 40)

d, s
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* 2 i6 1 -\5

Ai = VedVyy = —ciacascizsio—cipcizsassize’™® = O ()\ +iA ) )
* 2 i6 1| \7

)\s = VCSVUS = +012€23613812—8120133238136 B =0 ()\ + A ) s

o = Vi Vi, = cizsagsize’®™ = O (X +iX%)

For m, = mg we have an exact cancellation! Approximations are dangerous:

Common folklore A\, =~ 0 (looks reasonable!)
Unitarity: \g+ As =0 = g = =\ (Tyy — 205q + Tya)

e [';5 vanishes in the SU(3)r limit
Use the results for B,-mixing from Beneke, Buchalla, (Greub), A.L., Nierste
1998; 2003; Ciuchini, Franco, Lubicz, Mescia, Tarantino 2003, A.L., Nierste 2006

4 6
[y — 2T+ T ~ 1275 — 50
mC mC

Golowich, Petrov 2005, Bobrowski, A.L., Riedl, Rohrwild 2009

e [\, is real to a very high accuracy

S

=0 ()\2 + MS) = Arg (/\i) A % ~107* =102 =NP

e Overall result much too small

y ~ O(107°)

Huge cancellations =- be careful with approximations !!!

D= 6,7 without folklore!!!! Bobrowski, A.L., Riedl, Rohrwild 2009, 2010
Unitarity: \g +As + Ay =0

Tig = = A2 (Tas — 20sq + Laa) + 22 (Csa — Taa) — AT aa
- m2 m4
I %" = 1.8696 — 2.7616—2 — 7.4906— + ...
mC c

D=6,7
TP=07 — 18696
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6 2

Ty o )\ﬁ% + 2/\8)\5% A2

1077557 = —14.6 + 0.0009i(1st term)—6.7 — 16i(2nd term) + 0.3 — 0.3i(3rd term)
= —21.1—-16.0: = (11”‘39) e_i(0‘5“'2‘6) .

e 1ot zero in SU(3)p limit
e large phase (O(1)) possible!!!
e yp €[0.5,1.9] - 107% = still much smaller than experiment (8- 1073)

What does this mean?

1. Standard argument for “arg I'i5 is negligible” is wrong

2. Can there be a sizeable phase in D-mixing?

e Phase of '} is unphysical

e Phase of Mj,/T'15 is physical = determine also M,

3. F?;M has a large phase, but y?=67 <« yFor-

e Georgi 1992; Ohl, Ricciardi, Simmons 1993; Bigi, Uraltsev 2001
Higher orders in the HQE might be dominant: y”Z° = y®*P not
excluded

e Bobrowski, A.L., Riedl, Rohrwild 2009, 2010
If estimate of Bigi/Uraltsev is correct + our findings for D=6:
ytheory — F2p- and 5 per mille CP-violation not excluded

e Bobrowski, A.L. 2010; Bobrowski, Braun, A.L., Nierste, Prill in
progress
Do the real calculation for D > 9

Try by explicit calculation if HQE works:
Idea: higher orders in HQE might be dominant if GIM is less pronounced
Georgi; Ohl, Ricciardi, Simmons; Bigi, Uraltsev
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d,s (ddy, (35)

naive expectation for a single diagram:

‘ YD H no GIM ‘ with GIM ‘ ‘
D=6,7 2.1072 1-107% | Calculation

D=9 [[2-1072..5-1074 777 Dimensional Estimate
D=12 |[2-1072..1-107° 777 Dimensional Estimate

? Can one obtain yp""? ?How big can ¢ be?
Our dimensional estimates

e Determine I'15: Imaginary part of 1-loop
e [Estimate D = 9:

— Quark condensate: (ss)/m?
— 4mag relative to LO diagram

— GIM : (m,/m,.)® and mg/m.

Suppressed by about 2-107°,3 - 1073 compared to D=6 diagram
D=6 GIM suppressed by about 5-107° = ! IMPORTANT !

Dimensional estimate in Bigi, Uraltsev 2001
e Determine Mi,: 0-loop
e Estimate D = 9: Quark condensate: p3 ... /m2 soft GIM : my/ thaar.

e Estimate Iy, via dispersion integral over M

Difference: <§Z>LT5 vs., —H 7’2“3“ or better (qq) ~ (0.24GeV)? vs. pipear. ~ 1
GeV ‘ ‘

= BU/BBLNP = 80 = Calculation has to decide!
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Our Research Program

1. Redo D=6 without any approximations
Bobrowski, A.L, Riedl, Rohrwild, JHEP 2010

2. Calculate D>9

Bobrowski, A.L. 2010; Bobrowski, Braun, A.L., Nierste, Prill unpub-

lished
3. Calculate D>12

4. Calculate M,

5. Calculate lifetimes of D mesons

6. Give a much more relieable range for the SM values of the possible
size of CP violation in D mixing

Determination of D= 9,10,... in factorisation approximation

u c u c u c u

: @ c a : a c
a Daa Day

u c u c u c u

c @ I c @ g
a Deb D7a D7

u c u e u
c U c u c
Do D11,

D13y

e Factorisation approximation, expected to hold up to 1/N.

157



e Enhancement of O(15) compared to leading term
Large effect, but not as large as estimated by Bigi, Uraltsev

3

e GIM cancellation reduced to: oc m;

6 m2
mc c
m3 m?2
mC C
Yp H no GIM ‘ with GIM ‘ CP violation ‘
D =6,7 21072 1-107° O(1) Calculation
D=9 [2-102.(35-109).5-107| 1.5-10° | O(’%) | Calculation
D =12 2-1072...1-107° 777 Dim. Estimate
next Dim 12!
9.5 Open Questions
e How large is the SM contribution to D-mixing?
x
B~ 42102 (380)
T po Exp

Continue the full calculation of D-mixing within the HQE approach
and look for other ideas.

e How large is weak mixing phase in the B,-system
M =42.10™* (381)
LHCb will show!

e [s the Dimuon result from DO real or only a statistical fluctuation?

AgL
SL
More results from TeVatron and LHC...
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9.6 Comments

Exercise: Calculate M,

Exercise: Calculate AL,

Lecture: Discuss NLO-QCD and lattice

The final success: Al'y vs. Quark-hadron duality
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10 Exclusive B-decays

10.1 Decay topologies and QCD factorisation

(following Chapter 3 of the lecture notes from Thorsten Feldmann)
As an example for different decay topologies we consider several B — DK

decays:

a) By — DY K~: The branching ratio of this decay is measured [9] to be
Br(B;— D"K™) = (1.97+0.21)-107*, (383)

the decay proceeds via the following tree-level diagrams (in the SM and
in the effective theory)

u 7]
K- K-
S S
b c
_ b c _
B, D B, D
d d d d

This topology is called tree-level topology (class I). Naive colour
counting gives two colour loops and thus a numerical factor NZ.

b) By — DYK": The branching ratio of this decay is measured [9] to be
Br (B; — D°K’) = (52+0.7) - 107", (384)

the decay proceeds now via a different tree-level topology,

D° D°

@l
N
@l

>§|

K°

Q|
Q|
Q|

Q
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which is called tree-level topology (class IT). Naive colour counting
gives only one colour loop and thus a numerical factor N..

B~ — DYK~: The branching ratio of this decay is measured [9] to be
Br (B~ — D°K™) = (3.70+£0.17) - 107*. (385)

Here we have both class I topology

s S
K K
u u
b c
VI
B- D° B- DO

<l
<l
<l

u

and class II topology

b c Do b c Do

<l

»
[}

<l
<

u u
numerically class I is dominant.

By, — D} K~: The branching ratio of this decay is measured [9] to be
Br (B, — DfK~) = (2.03+£0.28)- 107" (386)

This decay proceeds via class I tree-level topology (in the SM and in
the effective theory)

S S
K K

u u

b c

_ b c _

B D* B D+
S S S S

s s s s
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Besides the class I topology we have a new one that is called annihi-
lation topology.

DO

@l

7

Naive colour counting gives for the annihilation one colour loop and
thus a numerical factor N..

Now we would like to investigate the above decays a little more quantitatively.
In the above naive colour estimates we implicitly assumed the insertion of the
colour singlett operator (o, now we will do the general case of the effective
Hamiltonian.

a) Tree-level topology (Class I):
The amplitude for the By — DT K~ decay reads

_ G 2 _
(DK [Hegs| Ba) = TZVCWJSZa«w)w*KinrB@ (387)
i=1

In principle we have to determine the matrix elements of the operators
()1 and ()2 non-perturbatively; in practice we cannot do this yet. Thus
we have to rely on some additional assumptions.

The naive factorisation approximation states

(DYK™|QolBa) =~ (D*[j°79Ba)(K™sj"9|Ba)  (388)
FBP7P(g* = M2) - fx (389)

The first object is called a form factor and the second one is a decay
constant. In order to get the contribution of the operator (J; we have
to express this operator in terms of colour singlett operator and colour
octett operator. Using 1 = % -1 + octett (see appendix) and keeping
in mind that only the colour singlett part contributes, we find thus
that Cy appears with an additions factor 1/3. Hence we get for the
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c)

amplitude in naive factorisation approximation:

(DK Mol Ba) = SEVaVe, [5C100 + Cal)] P2 = M) - f
(390)
The numerical value of the combination of the Wilson coefficients reads
Cs[5] + %01[5] = 1.01974 . (391)

Since the scale dependence of the Wilson coefficients cannot be com-
pensated by the form factors and the decay constants (the have no scale
dependence) it is clear that naive factorisation is just a naive approxi-
mation and theoretically not consistent.

This problem is solved by the QCD (improved) factorisation approach
[194, 195, 196, 197], which gives an expression of the following form,

ZCi(/L)<D+K7‘Qi’Bd> = FB2P(¢* = ME) - fx

/1 303000 + Cati) + S myontu] +0 (2 Yaom

where t is a function that can be calculated in perturbation theory and
¢k is the so-called distribution amplitude of the kaon.

Tree-level topology (Class II)
1
C1[5] +3Cals] = 0.142811 (393)

Experimentally we get for
Br (B — DVK")

_ = = 3.788 394
Br (Ba = D) (394)
Naive factorisation predicts a ratio of
Ca[5] + 5C1[5]
———————— = 50.9865. 395
G5+ SCaf5 )

Thus the theory is off by a factor of 13.4584 = (3.66857)2. Naive colour
counting would work here better: QCD factorisation predicts ....

Annihilation topology
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10.2 Heavy Quark Effective Theory

a method to calculate form factors
Chapter 5 of Thorsten Lecture Notes

10.3 Different Methods

LCSR
BBNS
Example Ay, — pvl?
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11 Search for new physics

11.1 Model independent analyses
11.1.1 BSM effects in the tree-level operators () »
Gilberto - v, Al'y

11.1.2 BSM effects in b — ccs operators

Sebastian, Matthew,Kirsty - anomalies, lifetimes

11.1.3 Model independent analyses in B-mixing

In [187] a model independent way to determine new physics effects in the
mixing sector was presented. We assume that new physics does not alter I'j5
- at least not more than the intrinsic QCD uncertainties, but it might have
a considerable effect on Mi5. Therefore we write

SM SM
Iy =TT My = M3~ - Ay (396)
By comparing experiment and theory for the different mixing observables we
get bounds in the complex A-plane, see [187]. In [?] we performed a fit of

the complex parameters Ay and A,. The result is shown in Fig. 1 We found
that the SM is excluded by 3.6 standard deviations.

11.1.4 Search for new physics in D mixing

Contrary to expectation: I'j5 is sensitive to new physics!!!
[y = =X (Das — 205 + Taa) + 220 (Dsg — Taa) — ML aa

I'5 is small, because

1. I'ys — 2I'q + 'yq is small

2. X\ is small

165



ImA,

AT &TEs

SM point

ImAg
=]

e /m New Physics in B, - B, mixing i 2

Figure 1: Allowed regions for Ay and Ag [?].

= 2 possibilities for enhancements

1. Enhance I'y, — 2D+ I'yy
e.g. Golowich et al.: small corrections to the individual decay rates
that do not cancel via GIM

2. “Enhance A\p”
The resurrection of the SM 4

Do = =22 (Tys — 2T + Laa) +20: (Mo + Ay) (Dag — Tag) — (A + Ay )°Taa

Ay oc A0~ still possible Ay oc A? (arXiv:0902.4883) see also Melic et
al, Kou et al., Soni et. al, Hou et al. ...
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11.2 Model dependent analyses

This was done above for B-mixing, similar results have been obtains for other
observables....

11.2.1 SM4

11.2.2 2HDM

e Leptonic decays: B — thu

Semi leptonic decays

e B-mixing

Rare decays b — sv
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11.3 Model independent analyses
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13 Appendix A: Basic QCD calculations

13.1 One-Loop Corrections

In this section we derive in detail the one-loop corrections to all elementary
objects in QCD: the quark propagator, the gluon propagator and the quark
gluon vertex. In section 13.1.4 we have collected a list of useful formulae
which we are using extensively in the following.

13.1.1 Quark Self Energy

The one-loop correction for the quark self energy is given by the following
Feynman diagram, denoted by i3( 15,4?)

i J [
D K p+k v P
— a — b —

p and k denote the momenta, ¢, j and [ denote the colour of the quark, p
and v are the usual Dirac indices and a and b denote different gluons. The
Feynman rules give the following expression:
d*k 1, b can 9" P+ K+m . “
X(gm) = / (27r)4; (ZQ%(T )jl) <—25 Fr} Z(p+k)—2—m2 (297u(T)5)
d'k A (Pt F+m)y,
:_2TaTai/ . 397
TITN | Gy G+ 2 — 2 k2 (397)
We use dimensional regularisation (D = 4 — 2¢, g — guc) to evaluate this
integral. With (7%7%); = Crd;y, Cp = 4/3 one gets

_ 2 2% dPk (2 - D) (p+ k) + Dm
N(#m) = —g Croap / @b (LB miiE (398)

According to the so-called Feynman-trick (see section 13.1.4) the two prop-
agators can be rewritten in the following way
1

0

1 dx
(p+ k)2 —m2 k2 / W (399)
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with l;::k—kpa:,MQ::c(mQ—pQ(l—x)).
Performing the shift & — & and using the fact, that terms which are linear
in the momentum k& vanish after integration we get
1
X(gm) = —gQC’F(Sil,u%/dx [(2—D) p(1 — ) + Dm)|
0

dPk 1
/ (2m)Pi k2 — M2]* (400)

The momentum integral is already in standard form, so we can apply our
formulae from section 13.1.4. With

P11 re-d)
/(QW)DZ' [kQ _M2]2 - (471_)% (M2>27% s (401)

we get for the quark self energy

1

S(f,m) = Q(Zf)‘;”u?er( )(4W)€/dx(2_D> ’?5\22_)”“") DM o9

For massless quarks we immediately get the final result

0

1

X(p,0) = ——dell y%@ _ D)/da:(l ~ )l
_ 4rp®\ “T(e)T?(2 — ¢)
- e () i
R 37511%{——7E+1n477+1nu—p+1+0( )} (403)

where we have performed a Taylor expansion around ¢ = 0 in the last step.
For the case of non-vanishing quark masses it seems to be easier to perform
the Taylor expansion around € = 0 in Eq. (402) before the z-integration.

p4m

E(ﬁv m) = 2%511/dxr(6> (x (mg —p2(1 - !L’))) [(1 - 6) %(1 - :C) - (2 - E>m]

= m3(p% m)+ PEa(p>m).
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Performing the Taylor expansion and the subsequent z-integration we obtain
the final result for >; and >:

Si(p*,m) ~

So(p®,m) =

1
Qg 1 9 9 9 1
_4§5il/da: {E—'ye—l—ln(u 47?)—1nx—ln(m —p (1—3:))—5
0
Qs 1 3 m? —p> m?. m?—p?
_4§5Z5 {——ve—l—ln(élﬂ')—i———ln e +p—21n — )
1
2?—8(52»1/6136(1 — ) {— — Y +In (,LL247T) —Inz—1In (m2 —p*(1 —x)) — 1}
T
a, 1 m2 m2—p? mt m?—p?
3.0 {2—76+1n(47r)+1+p—2—1n e +Fln — }

For the determination of the so-called pole mass of the quark we need the
self energy evaluated at p? = m?.

21(7n27 m)

22 (mZ’ m)

(g =m,m)

~ —4

s 1 3
= _404_6” {——ve+ln(47r)+—+ln'u—2] .
€ m

= -3

oF

1
1 1 >
37T5¢1/d$ L—'ye+ln(47r)— 2+lnm2—21nx}
0

2

3

1

2

2

Qg 1 0
~ 23—7r5il/dx(1—x) {Z—’ye—i—ln(élw)—l—l—lnﬁ—ﬂnx]

0

3T

s 1 2
= D5, [——%+1n(47r)+2+1n“—2] .
€ m

Qs

1 4 2
37T6ilm {E —Ye + In (47) + 3 rm ] .

m?2

(406)

The same diagram can be easily calculated with the use of an cut-off instead
of dimensional regularisation. Therefore we start with the form given in Eq.

(400)

%(#,m)

4k 1
(2m)% [k2 — M2)*

= 2g20F5u/1dx [#(1 — ) —2m]/
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(407)
Applying the Wick rotation we can write

d'k -
[ o) = e [ akbibr ). (108)
0
Inserting this in the quark self energy we get

1
2

g 272
> = 27 » p(l—x)—2
(4,m) (470201:(5”/(13:[ x) —2m /dk‘ kf—— k2—|—M2]
0 0
(409)
The momentum integral is solved by introducing a cut-off A.
g y g
A
1 A M?
e ——— T | - —
/dk k2 1 M2 n( +M2>+M2+A
0
A
~ In——1. (410)

M2
Finally we get the following result, that can be compared with the result
obtained by dimensional regularisation.

1

SApm) = g‘—;cpcsi,/dx{[ngu—x)—m}

0

( Af;g—lnx<m2_]€;2(l_z))—1>} . (411)
S (B,m) = ;-;CF(Sil/dx{ [H(1 — z) — 2m] (412)
G —’ye+ln47r—lnx(m2_iz(1_w)) —1) —m} .

Comparing this two very similar looking expressions, we find the following
correspondence.

1 A
—— % +hidr & In—. 413
p Ve + Indm nM (413)

p o= M. (414)
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The remaining difference is the finite term —m in the dimensional regulari-
sation.

13.1.2 Gluon Self Energy

There are several one-loop corrections for the gluon self energy. We start
our calculation with the contribution of virtual quarks which is given by the
following Feynman diagram, denoted by iI1%%(p, m).

iz

p and k denote the momenta, i and 7 denote the colour of the quark, 4 and v
are the usual Dirac indices and a and b denote different gluons. The Feynman
rules give the following expression.

) = (1) [ ot [ (12

(1)) (175 )|

2 2¢/arby APk Tr [y, (B+ K +m) v, (K +m)]
= T G

. (415)

Using the fact that the trace of three y-matrices vanishes, (T97%); = §%/2
and the Feynman-trick

1

1 B / dx (416)
I vl
with k=k+px, M? =m? — p*z(1 — z)
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we obtain after a shift k& — k& the following expression (linear terms in k
vanish)

Hq,gb<p’ m) _ g ,U, 5ab/ / dPk TI‘ 711 k’}/u k - 17(1 - x)f)/l/Q%’lez ﬁ‘f— mQ'}/uf}/ﬂ] .
. 2m)Pi [k2 — M?2]

(417)

In that problem two kinds of k-integrals appear which can be solved using
the formulae in section 13.1.4.

dPk 1 1 (4m)T(e)
B = = . 418
/ (27T>DZ [k2 . MQ]Q (47T>2 (MZ)E ( )
po o [ _EE L (0T
2m)Pi (k2 — M2)*  (4m)2 (M?)e 2 1—e
Therefore we get for the gluon self energy
2 (Sb ;
q,ab — g
H;w (pv m) (471_)2 /dl’
0
%/70/7;17 2 2
Tr | —F——M"—x(1 -
r |: 2(1 _ 6) x( "I")/yl/ ﬁ’yll ﬁ—i— m ’71/7/1:|
1
a, 6% z(l—x)
= ——=—(47p®)T d Tr [ 7.0° — Y
1o (4mi) (6)/ Ton? — (1 — 1)) R R ]
0
1 (1)
o x(l—=x
— __S(sab 2 pv iV 4 26F /d ' 49
—0" (p°g" = p'P") (4mp?) (6)0 Ton? — a1 = 1)) (420)

Performing a Taylor expansion we get

a Qs a v v
Mt (p,m) = ——6% (P = p'p")
T
. 1
- — g+ In(4n) + G/d:mc(l —x)ln
€

0

m? — p*x(l — )
12

(421)
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The last integral can of course be solved analytically, but we think it is more
elegant to express the result in the given form.
The next one-loop correction we a?%e considering is due to virtual gluons:

p and k denote the momenta, i, p, 0 and v are usual Dirac indices and a,
b, ¢ and d denote different gluons. The Feynman rules give the following
expression.

dPk 1 1
HSg,ab — / —q —— Xab . 422
2o = [ o (i) () e
In ngj we have encoded the Feynman rules for the three gluon vertex and
the metric tensors from the gluon propagators. The denominators of the two

propagators can be combined in the same way as in the previous example,
with a simpler form of M?2.

M? = —p*x(1 — ). (423)
For X} we get
Xiv = gu f*g" (2p + k)” = g7 (2k + )" + " (k = P)7) Gpp oo
g [ | =g (k4 p) + g7 (2 + K + g (k — p)” |

= =g el el g (5p% + 2pk + 2k%) + (D — 1)(2k + p)*(2k + p)”
—(2p+ k) 2p+ k) —(p—k)'(p—k)"]. (424)

When performing the momentum integration we make a shift in the integra-
tion variable k, in practice this means that we exchange k by k — xp.

X® = =3g%*0% [¢" (p*(5 — 23 + 22°) + 2k?)
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+(4D — 6)kM k"
+(D(1—2x)* —6(1 —x+2°)p"p”] . (425)

Now we can insert everything in Eq. (422).

d"k
3g,ab _ 2 2egab v 2 2 a1,
I3 (p,m) = 3976 /dx/ pESLH M2] 5 [9" (P*(5 — 22 + 22%) + 2k°k" gup)
+(4D — 6)k"k”
+ (D(1 —2z)* — 6(1 —x + 7)) p'p”] . (426)

Performing all the momentum integrals we get

1
, 2 47 1%)<T (€)
ng,ab — 9 ab/d ( ;Ll/ 2 ) 2
0
—n2r(1 — —22(1 —
+Dg pf( x)+<2D_3>gW pf( z)
—€ —€

+(D(1—22)* = 6(1 — x +27)) p"p”]

& gl TQ) [ ds g1 )
= S’ / w0 -0 {3“” 209"V

+9"p*(5 = 2w+ 22%) — p'p” (2 + 26 + (10 — 8e)w — (10 — 8e)a”)] .
(427)

Before we perform all z-integrations — only [-functions appear — we will
use a simple trick to simplify our expressions. In the above integral we can
exchange the integration variable x with 1—xz. The denominator is symmetric
in x and 1—z and in the denominator we have constants, linear and quadratic
terms in . We can split up z in 1/2z + 1/2z and exchange in one term z
with 1 —z, ez — 1/2x+1/2(1 —x) = 1/2, this means we can replace every
linear term in the numerator with 1/2.

1

Higl]/,ab(p, m) = g9’ sab (4mp*)°T(e) /dx:c_e(l — )~ [QWPQ <<11 _ 86):52 - (% i e))

(477) [—p?J 1—e¢

+pp” (2(5 — de)a® — (T —2¢))] .
(428)
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Now we perform the z-integration. With

/d:mce(l—ac)6 = f(l—¢l—¢) = B@_le—_’i_e)Q(S—Qe)
O (429)
/dxx2—€(1 S = BBl = B<2—16—_72€—e)(2 — 6 (430)

one gets

Qg Arp?)T(e) B(2 —€,2 — € 5 Y
%% (p,m) = SEdab( [/i;z]e( ) B - ) [9"p* (19 — 12€) — 2p"p” (11 — Te))] .

(431)

We will perform the Taylor expansion only after all gauge contributions have
been summed up.
Next we consider the contribution of virtual Faddeev-Popov-ghosts:

k
%
¢'—<~“
,’ d \\

M \ ! 1%
a p_> ‘\~ c ,II p_> b
~~§’
p+k

p and k denote the momenta, ¢ and j denote the colour of the quark, pu and v
are the usual Dirac indices and a and b denote different gluons. The Feynman
rules give the following expression.

57 (p,m) = (—1)/ (;Z:)l;z (_i(pjk)Q) <_@%> (—gu F(p + k)" (—gpue f2k")

—  —3gPuo / d"k (p+k)"k°
(2m)Pi (p + k)2k?
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1
dPk kFkY — 2(1 — z)pHpY

= —3g°u* 6" / dr / (2m)Pi (k2 — p2a(1 — z)]’

0

_ 3 9 g 1 o Am)T(e) g™ —p*a(l — )
3(477)26 /d [—p?x(l —x)]¢ 2 1— ¢

1

g (4WMQ)EF(6)/ B (g™ p?

= 320 7 [ a1 —x) e | Y
4w [—p?]€ e (1 - ) 2 1—e¢ PP

- s nTO g [o 5

CA v
4w [—p?le T'(4—2¢) | 2 1_€+pp] '

Summing up the final results for the virtual gluon (including the symmetry
factor 1/2) and the virtual ghost we get

(4rp®)T(e) T2(2 —€) 5 — 3¢

o
Hg,ab _ 3_5(5ab wv 2 v )
W (p,m) 5 A TU 201« [9" " = p'p"]
(433)
Performing a Taylor expansion in € we arrive at
,ab _ Qs cab v, 2 v 1 31 _p2
HZV (pam) = 555 [9“ p- —pl'p ] <2—7E+ln47r+1—5 —lnF .
(434)

13.1.3 Vertex Correction

Now we come to the last class of corrections, to virtual vertex corrections,
which are given by the following diagram.
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p, ¢ and k denote the momenta, 7,5, [ and m denote the colour of the quark,
i, v and o are the usual Dirac indices and a, b and ¢ denote different gluons.
The Feynman rules give the following expression.

iz — d'ii by . i Pt g+ K+ m i ay. .
I(p,q,m) = /(27T)D (QVV(T )Jm) ( (p+q+k)2—m2) (197u(T*)i5)

ot KE+m - c e 97
(z—(q+ Ry = m2> (197, (T)ii) (—26 ﬁ)
— 3/mbrrarb dPk v, (B+ d+ E+m)y, (d+ K+m)~y”
= T [ ey vl R
_ _9_3Ta/ d°k v, (4 B+ m) v (F+ m) 7

6 ") 2m)P(p+ k)2 —m?] k2 —m?] (k—q)*’

(435)

where we made a shift in the integration momentum k. The loop integral
is only logarithmically divergent, therefore we can extract the ultra-violet
divergence simply by setting p, ¢ and m equal to zero.

3 de, y " v
r0.00) = <G [ G
_ 93 a de K/Y/L %

179



From symmetry reasons we can replace k“k” with kg% /D.

°2-DY , [ d%% 1
(0,0,0) — _%T)gg”“ﬂm/W(kQ)f (437)

The appearing integral can be treated as follows.

de 1 . def 1

[ armr = e | G
= limyg ot WD)
— (47_‘_)2 (MZ)&

an%O@ F b ] . (438)

€

We get for the divergent part of the vertex correction

1. 0 O 1
I,(0,0,0) = —=igy T, —

In order to compute the finite parts of this integral we have to keep the
external momenta and the masses in the calculation.
There is another diagram which contributes to the vertex correction.

S p+q

7,k

p, ¢ and k denote the momenta, 4,5 and [ denote the colour of the quark, p,
v and o are the usual Dirac indices and a, b and ¢ denote different gluons.

180



The Feynman rules give the following expression.

I(p,q,m) = / (;lﬁ)kD (ig7(T") ;1) (122%_7:;1) (ig7,(T%)s5)

) 1 ) 1
(‘Z<q+k>2 —mZ) (‘l<p+q+k>2 - m)
(g™ [g"(p — q — k)" + ¢""(p + 2q + 2k)* — ¢"*(2p + q + k)”))
P y— d"k (P— d— ) (m— K) v + (p+ 2q + 2k)"y, (m— F)
= ig ST T / (2m)P o+ g+ k)2 —m2| [(q + B2 — m] 12
= B2 B
v g+ WE—m2 (g + P —m 2 (440)

Setting the external momenta and the masses to zero, we get

p — — i
T*(p,q,m) = 2931;?/(;Zﬂ)]f[)k%7u 2(2 [152)])3/{ k-l-’mkk.

D -1 dPk 1

= 6g°T} 441
9 LiaTu D (27T)D [sz ( )
The UV-divergent part reads
9. . 0l
I'74(0,0,0) = PR Rt (442)

Now we have determined the divergencies of all basic ingredients of QCD -
the fermion propagator, the gluon propagator and the quark-gluon vertex.
Before we proceed to renormalise our theory we list up a useful formulae
for performing perturbative calculations. Part of these formulae have been
copied from a previous QCD-course of Prof. Vladimir Braun.

13.1.4 TUseful Formulae
SU(3)-Algebra

The SU(N)-algebra is defined by the following commutation relation for the
generators T® with a = 1,...,N? — 1

[T, T = if*T°. (443)
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The generators can be represented as matrices. Commonly used represen-
tations are the fundamental representation in N dimensions and the adjoint
representation in N? — 1 dimensions. For the fundamental representation we
demand the following normalisation

Tr [T°T"] = %5@”.

Then the following relations hold.
Tr [T =
TiTy =
(TaTa)z‘j =
(T°1°1T%).. =
ij
ifabchTC —
facdfbcd —
Dirac-Algeb

1

(6z‘l5jk — N(;ijdkl) :
2

-1
T

oN Y

1 b

ON U
Nt
2

N

ZL\DIHO

ra in 4 Dimensions

Traces with even number of v-matrices:

Tr{l} =
Tr{%%} -
Tr{’-}/uﬁ)/l/’)/a’yﬁ} =

4
49,,
4[9#1/9&5 + gpﬂgua - gpaguﬁ]

Traces with odd number of y-matrices:

Tr{vm t '7M2k+1}

Traces including a vys-matrix:

0, k=0,1,2,...

Tr{ys} = 0
Tr{v. s} = 0
Tr{V, % YaYs7s5} 41€m0p

Tr{,y/ll "'7M2k+1’y5} == 07 k= 071,2,...

182

(444)

(445)
(446)
(447)
(448)
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Useful identities for products of v-matrices:

Yt = 4
YuYaV = =27
’Yu’}’oﬁﬂ’w = 4gaﬁ
YuYa V8V = —279Y8%a

VYo Vo = Gop Vv GV — GuwVa T 1€uarpV5V3

Useful identities for products of e-tensors:

eaﬁweaﬁ“" = —-24
€apyun Py — g g’
Cape”™” = =295 — 9295)
6a1a2a3a46615253ﬁ4 = —det (g§f>
1 o
€™ = 10ag75
We use definitions from Bjorken and Drell:
v =", €o123 = +1
Some other (equally famous) books use different definitions:
vs = Y0y 243 1 = 93 = +1 Itzykson, Zuber
¥ = =~y € =~ =+1  Okun

This ambiguity is a standard source of sign errors!

Integration in the 4 Dimensional Euclidian Space

Definitions:
ko — iky
'k = dkyd®k = id*kp
K= kK= (ks kD) = K
Integration:

\8

dkpky ' f(kp)

/deEf(sz) = /dQD

SIS

I
—
—| 3
[
0\8 o

di (k2) 2 F(k2)
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Dimensional Regularisation (D =4 — 2¢)

Definitions:

/ Ak — / dPk (477)

(478)

Nl|s]

ey — eo/f*

Dirac-Algebra in D Dimensions

Since there are some subtleties in defining the e-tensor and 75 in D dimen-
sions, we will leave out here the corresponding formulae.

vwy* = D (479)
7//7&7“ = (2 - D)'Va (480)
NV = 4ap + (D —4)7a7s (481)
NVaY8Y Y = —2%78% + (4 = D)Ya¥s7p (482)
Feynman-Trick
Feynman parameter integrals for products of propagators:
1 / 1
— = dx 483
A-B 0/ [zA+ (1 — z)B)? (483)
1
I'(a)I'(b) 1 b—1 [la+b
—— = dex* (1 —x 484
Aa . Bb / ( ) [tA+ (1 x)B]a+b (484)
1
1 0Oz —1)(n—1)!
- = dxy...dz, — 485
AjA,. A, ' [21A] + ..+ 2,4,] (485)
0
1
1 S x; — )Mzt T(my 4 ... +my)
—T 0 = dxy...dz, o
AT A (oA ot g A T - T(ma)
(486)
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Loop Integrals in D Dimensions

b M@ T2
/ e e G (487)

/de — D@ b = in® (—gﬂ) M (488)

—A—ie*

Taylor Expansion in ¢

T(z+1) = al(z) (489)
MO ~ - (490)
¢ = exp(lnz)=1+ex+... (491)

with the Euler constant vg = 0.57721....

Feynman Parameter Integrals

Bp,q) =

P71 —2) e

I(
[eS) tp—l
Bp,q) = /Wdt7
01
Bp,q) = /
0
13.2 Renormalisation

We summarise here the results for the divergent parts of the quark self energy,
the gluon self energy and the vertex correction.

) 1 oy 4 .

ZEUV(% m) = I3 0 (¥ — 4m) (492)

'H‘Lab( ) = 1 Qs __2 L8 (g2 — iy 493

1% (p,m -3 0 (9 ) (493)
I a .

Z'Hz,;lb<p’ m) - . Z_ .5. Z(Sab (g/—LVpZ . p,upll) (494)
€ 4w
1 o, 13 . u

I(p,q,m) = 3 igy"T (495)
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The renormalisation process starts with a redefinition of the fields, the masses
and the couplings.

W o= ZFug, (496)
AR =z Ak (497)
m’ = Z,mg (498)
¢ = Zy9gr (499)

71 describes the renormalisation of the vertex.

Inserting this relations in the Lagrangian of QCD expressed in terms of the
naked quantities, we can split up the QCD Lagrangian in a part that con-
tains only renormalised quantities and in a part that contains renormalised
quantities and the renormalisation constants. The latter part is called the
counterterm Lagrangian. For the counterterms we obtain the following Feyn-
man rules.

gluon propagator : i (g“”p2 — p”p”) (Z3—1) (500)
quark propagator : —i(§(Zy — 1) — m(ZaZy — 1)) (501)
vertex : —igy"T(Z; — 1) (502)

Summing up our results for the one-loop diagrams with the counterterms
and demanding that the e-pole cancels, we obtain

1

Zn = 1474 (503)
1 o, 13
7 = H?ﬂ'f’ (504)
R
Z, = 14— 3, (505)
Ty = 1—1-zj-(5—§nf). (506)

The renormalisation constant of the coupling can be obtained from Z;, Zs
and Z3

1
Z, = Z7'Z273 (507)
I a, 1 2
= 1——- .- (11—2n; ). 508
€ 4m 2< 3nf) (508)



13.3 The Running Coupling
Between the naked gy and the renormalised coupling gg the following relation
holds

9o = Zygu‘. (509)
The naked coupling clearly does not depend on the renormalisation scale,
therefore we obtain

d dz dg

0 = —go=—Lgu + Z,~2pu + eZ,qu" 510
0= I Zag it e Zagp (510)
d dg dl dz

= I 9T gt -0 Y (511)
dp  dlnp dup dp Zg
dg Az, g

= = —cg — = 12
dlng 0 dlnpz, (512)

The renormalisation constant Z, can be expanded in the following form

92

_. 4
Zg =1+ (4%)229 + O(g )a (513)
with 1 5
Now we can insert again in Eq.(512).
dg g* dg 1
= = — - 2— V1~ 1
blg.e) dlnp < (477)229d1nu Zg (515)
3
_ g
=~ —Eg —+ EQWzg (516)
3
g 2
= —€g— 11— - . 1
o~ i (11 0) o

24 contains a pole in €. In the limit € — 0 only the second term survives:

3

g 5
Blg) = _BOW +O(g°), (518)

with By = —2ez,. (519)
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With the results from the previous section we have

11 2

Now we can easily derive a solution for a(u):

and therefore

g _ 4 &
dlnp *(4m)?
dg Bo
=>— = - dIn
7 (amz
gld /8 H1
g 0
= = - dlIn
7 (4 >2/ :
9o 1o
1 g1 /60
= = - In gy — In pu)
[—WLO (e |
1 I 280 H1
R In =
97 90 (4m)% o
1 _ 1 203y 1y Ha
93 95 (472 po
9 = —1
L gtashi
9 _ =
47 1+ 24[30 Zo In &
T dr T o
= a(ﬂl) _ (:U’O)

1+250901 J258

47 41 1o
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